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'ON THE DIRECT SOLUTION OF PRECONDITIONED
LINEAR EQUATIONS

M. HATZOPOULOS and D, J. EVANS

A concept of preconditioning hitherto successfully applied to
accelerate the convergence rate of iterative methods of solving the
large order sparse ill - conditioned linear systems derived from finite
difference and finite element analyses of potential problems is now
extended to the direct methods of solution of small order dense ill-
conditioned matrices. It is shown that by solving the equivalent pre-
conditioned linear system using elimination methods minimises the
rounding errors incurred in the computational process. Theoretical ana-
lyses justifying this theory are included together with supporting nu-
merical evidence obtained from well known ill - conditioned matrices.

1. Introduction

In this paper, we shall be concerned with the solution of ill - con-
ditioned linear systems when the coefficient matrix iz of small order
and dense.

Several authors [11] have discussed ways of overcoming the pro-
blem of ill - conditioning and the main theme of all these methods is
to transform the system to one where the coefficient matrix is better
conditioned to solve the new system and then transform back to obtain
the solution to the original system.

Evans (1967) initially suggested one of these transformations for large
sparse matrices, and proved that the coefficient matrix obtained was
better conditioned. Then. using the pre-conditioned matrix he was
able to develop a class of iterative methods i.e., the Preconditioned
Simultancous Displacement Methods which possessed superior conver-
gence rates.

Similarly, we can extend the preconditioning theory to small order
dense ill - conditioned matrices for which the chosen solution method
is the direct method of successive (Gaussian) elimination scheme pro-
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vided that some form of pivoting is chesen. Following a similar proce-
dure to Evans (1967), we now attempt to transform the given ill - con-
ditioned system to oneé which is better conditioned and in 20 doing mi-
nimise the rounding errors which are incurred in the solution process.

2, Condition numbers and the relative error in the solution

Turing (1948), first recognised that a linear system need possess a
«condition number» and that it should depend symmetrically on both A
and A~' or specifically on the product of their norms. He thus defined,
the M and N condition numbers as follows:

Mrd}=nnllaj:|a|_5'maxlm,j| (1)
L Ll
and N{A;=n—=(za:,)’(zm,1)*, (2)
| M| s §

where terms (‘o ;) are the inverse of the matrix A={a; ;) of order n.
Von Neumann and Goldstine (1947) defined the P- condition number
of a matrix A as:

Ay
=Th (3)

where 1,, 1, are the eigenvalues of largest and smallest modulus of A4
respectively. A significant result which they proved was that if 4 is a
symmetric positive definite matrix and Z its computed inverse then, the
rounding errors incurred by using the elimination method are bounded
and can be expressed as

(| € 14-24-P( A Jn%e, (4)

where & is the eigenvalue of largest modulus of the error matrizx [—AZ,
n the order of A and & the smallest number recognisable to the machine.
When A is non - positive definite the result (4) becomes:

< 36-58.P(AAT Jnde, (3)
where ;

P(AAY ) = [P{4)]" (6)

Similarly the k-condition number for a general matrix is defined
as:

K(d) = V%ﬂ% = Y B{AAT). 0
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In addition, the following inequalities can be proved for the con-
dition numbers defined above,

Mf'ﬁ)

< Nf4) < M(4) 8)

and

WA < pra)< nra). %)

If we consider small perturbations in the elementis to 4, and & in
the given system Ax—z then we can estimate the error dx on x from
the perturbed system (A -+84 ) x4 dx) = b4 dt.

It can be proved that the relative error can be expressed as:

1811 ey [ U8B 184l Y i
T < M1 | e+ u..",i-:”.-;m,“- L
If we let & = |4 - |47, &= WET{E”, *"I| then (10) can be
written in the form:
[ 2
< Moy )I(1—ksy), (11)

where it is obvious that & is an indicator of the relative errors incurred
in the computational solution of the linear system.

3. The preconditioning method

The system :
Az = b, (12)

where 4 is a non-singular matrix can without loss of generality be
written as :

Aw 4+ L+ U, (13)
where I is the identity matrix and L and U are strictly lower and apper
triangular matrices respectively.

Consider now, the non-singular matrices (I4+wl) and (I+ol)
where o is a parameter to be defined later. Then, the system (12) can
be transformed into the equivalent system :

{1+ wl) AfI+al ) T+l )x )= (T4+ol )b (14)
or
Byy = dw, (15)
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where .
By = (I+ ol )t Af I+ wli )~ (16)
dg = ([4wl)h, (17)
and ¥ = I+l _ (18)

By inspection, we see that for w=0 the new system (15) reverts
back to its original form (12). Thus by introducing the transformation
above, we allow w to play the role of a preconditioning parameter such
that as w varies in a restricted range 0=w="F (say), a minimim value
of the condition number of B, is obtained. Thus, at the optimum o we
solve the system ([5) and from (18) we calculate the solution % to the
the original system.

Clearly the forms of {I+wl) and {7+ wl) permit accurate com-
putation of the preconditioned matrix B,, in (16), from simple algo-
rithms of forward and backward substitution on the rows and columns
of 4 i.e. '

1. =tr1. l - =1
. 0 : 3
Ba=| . - (%) ”“
Igj ) ki T K 4t )
1 {i=i) -1 « 1
where
f.-_1=m:|1ij i."l?j. {]9]
and
Wjj = ) i< j. (209
If we let:
R=(I+wL)14 (21)
then
(I+al)R = A,
and the algorithm fiven by :
ry=ay; for j=1,...,n (22)
and ’

i—1 1=1
J'jJ=EJ]'_tI-II“J'tj =a|j —fl'.;;s ﬂ.“?'ij 1“2"“;“
- =]

whereas the remaining operation to determine H,i.e,

By = R(I4+wl)

can cither be completed via a similar algoritm to the above working
on the transposed system,
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R' = (I+0l)"B,

or by operating on the rows instead of the columns, in which case, we
have algoritmic processes given by:
R= Ruff+er_Jh
or for i=I,....n
By=m (23)
and

=1 i—1 g
Bi|= Flj—EHihLI-]._J - rjj—mliﬂi..ak,- j=2,,..,ﬂ.
=] =]

Similarly for the right hand side
b= (I+mL)d
‘the algorithm w is given by:
dl_ = by (24)
and
ﬁg] = E‘l E-:n;d.; - £||_{ﬂzﬂjkl:fh i.=|,.-.-. 1
k=1
The extra work involved in calculating B, is OfN9) mﬁ]tiplicatinns,
however it is worthy of consideration for the improvement in accuracy
we obtain for the solution of ill-conditioned systems especially those
involving multiple right hand sides. In the above calculations single
precision arithmetic with double length accumulation of inner products
was used whereas hitherlo for ill-conditioned systems double precision
working has been employed.
. o 7 Rt
When A is positive definite B, can be computed using only 5
operations by writing :
Ew — Em+SI
where

Su=(T+ mL}-'(-;— !+L){f+m£1)“

4, Pre¢onditioning techniques applied to wmmﬂrht pu-
sitive definite malrices

Let A be a symthetric positive definité thatrix and D the matrix of
diagonal entries. Then, we can write 4 without loss of generality in
the form
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A=D4L4LT, : . (2%
and to bring it in line to the form (13), we premultiply and post mul-
1
tiply 4 by D 7 je.,
1 1
D TAU T =4, : (26)
which can be written in the form:
A =I4+L4LT, (27)
where
O K £ 1
L'=mD TLD 7 and L'T=D T[TD 7T, (28)

This transformation corresponds approximately to a form of scaling
or equilibration and improves the condition of the system accordingly.
(Forsythe and Moler, 1967).

The pre-conditioned matrix B, is then given by :
By w= {1+ aL)? A(T+ oLt ) (29)

as derived from (16) where we have written L for I’ and LTfor L' for
convenience,

Let x be an eigenvector of the matrix B, corresponding to the
eigenvalue u. Then by definition, we have:

(14 L) AT+ wLT Jix = px. (30)

If we write: :
¥ = (I+olt )i, (31)
then (30) can be expressed in the form,
Ay = p{I+oLl)(I+ol™ )y (32)
which on expanding becomes
Ay = #{(I—mjf+md+m‘LLT]y (33)
and finally in the more compact furm, '
dy=y((1-—) f+m,4+mi(LL1--}f)]y (34)

ns given by Andersson (1975). If we now premultip]:.r {34} by thﬂ wctur
#7, we have the [inal result,

e ,.;,,r((_l_%)’;-. wd+ w‘(L_LT ~ 1 )):r 39
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Since matrix A is symmetric and positive definite, then it can be
shown that there always exists a number a (#0) such that:

- 4
YTy £ a. {36)
If we now asume that thereexists a number b for which the relationship:
y (LLT——‘:-I)IQ byT Ay (37)
holds, then from (35), (36) and (37) we have the result:
1 LAY 3
Fé (Iu 1)u+m+mﬁ. (38)

The previous relationship holds for every eigenvalue of B, and for
the minimum eigenvalue, i €. fmin We have:

1 w (¥ 3
.ttmlnb; (1— 3 )M—m - ewh. (39)

Fuarther, it can be shown with a little analysis that the following result
is valid, i.e.,
(I+ol)(I+olT ) = of2—a)d +{(a—1 )+ wl){ (o—1 )[+wl)T, (40)
which when substituted in (32) yields,
Ay = plof 2— @ JA4( foo— 1 i+ ol)((o—1 ) +ol)") y (41)
and premultiplying by yT we obtain the result,
¥T Ay = wyT (ef2—w)d+( (o -1 I+ol)({fo—)+aliT)y". 42)
However, since by definition, the matrix :
(fo—1)I+wl) (fer—1 1+ cal)T
is positive semi-~definite, i.e.
¥ fo—1)I+ol)({o=1)I+al)t y2 0, (43)
then we have the result
¥t Ay > pst (o 2—w) Ay (44)
to be valid for all eigenvalues of the matrix By and especially so for

the lafgest one, Pmae
Thus; we have:

1

[T = m w E{Lﬂ! I}' (45)
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By definition, the P-condition number of B, can I:|-e expressed as:

 Pma  [2—wm)a | )
P(B, )= e ey e (46)

The minimum value of the right hand side of (46) can be shown to be:

v t’245r+!Hu+ - (47)

and it occurs for an optimum value of w given by :
wgp =2 [ (14 V22 + 1Jfa)- (48)

Thus, we have shown that for the given matrix B, as given in (29),
thén the P condition number is bounded and satisfies the relationship,

P(B,, ) < "!J'Tl.rzbﬂ}a +—é, (49)

Theoram. For the symmetric and positive definite matrix
A=I1+L+L" then il :

in the 0="g@-=2.

T.
ﬁ;} <a VyeR® (50)
y#0
and
,-.—T(u;r—_}f:]ya byTAdy VyeR', (51)

then the P-condition number of the pre-conditioned matrix By is bounded

as in (49) for an optimum value of w given by (48).
For the more general case when A = D+L+LT we first use a

pre-transformation of the form:

I
D ZAD ? (52)
to recover to given matrix form in (28).
i.e. the preconditioned matrix now has the form,

i L
B,=D T (D4wl)'A(D+elt )'D? (53)

and as in the above theorem we can easily prove that:

P(Ba,,) < V%(Eb-i-l}}{:-t-—lr (54)
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for:
w =2/ (1+}2(26+1}/a). (55)

If instead of (50) and (51) we use the alternative upper bounds,

¥'Dy a
Jidy <@ YER (56)
and
_}'T(Lﬂ"LT--i—D)ynz byTdy. (57)
3. Resulrs

Example 1. Consider the nxn Pascal matrix defined by:

— k i=1, j=I, 2,...,n
ﬂ-rl=j_,i|= — & j=1, i=1,2,...,1 (58)
=+ A1, i, -1 i, j=2 3....m8
If k is reciprocal of an integer then the clements of A-! are integers
and ;
det(4) = .
We consider the §:8 linear system :
Ax=b (39)

where A is the Pascal matrix as defined in (58) with k==1/7 and:
bfi)=Eay.
=1
System (39) is known to have the solution:
AT=(1,1,1,1,1,1,1, 1),
The P and N condition numbers of (59) are
PA) = 2,064 109
N(A) = 2.583.10°
and the relative Euclidean error norm when we solve (59) is:
LOT20:107%,

In the following table we give the P- and N-condition numbers and the
relative Euclidean error norm versus the pre-conditioning parameter,



oM THE DIRECT S50LUTION OF PRECOMDITIONED LINEAR EQUATIOME

i S Number
0| 1.524.10°
A 9,500,100
2] 6.214.10°
3 4.264.100
40 3074000
5 2.321.100
6| 1.817.108
.7 1.460,10°
8| 1195108
9| 9.932.10°
1 8.356.10°

1.1| 7.Lig1l0¢
1.2| 6.151.10¢
1.3 5.418.10¢
1.4 4.908.100

1.5 4.644.10¢

| 1.6| 4.702.100
1.7 5.280.10%
1.8/ 6.877.10¢

1.9 | LOBI.10P

12| 20140

TABLE 1

P.—Cn_nditinn l N—Condition E Relative Euclidean
Error MNorm

MNumber

2.679.10°
1.376.10°
9,519,107
6.885. 100
3,137,100
3.925,.10¢
3.056. 104
2.414. 104
1,932,104
1.563.10¢
1,278.10¢
057,104
8.872.108
7.597.10¢
6.702. 10
6. 140, 107
6.137. 108
6.776.10¢
$.719,10°
[.361.104
1._*5453._10'

2367.107%

A736.10°8

4558, 10"
1669, 10-%
2010, 10-°
A815.10-%
.1803,10-%
998210
.9950,10-7
.7923.10°7
668,107
9328,10°7
.7639,10-7
9334107
H158.1077
B686.10-"
.9859.10-7
1319.10-*
1696.10°°
.2997.10-°
.1515.10-%

in

Comparing the condition numbers with those of the original system
we see that they decrease by a factor of 10° and that the error decreased
by a factor of 10% . _

Let us now for n=4, 5,..., 12 consider the Pascal matrices with

k=1/".1n the following table we give their P-condition number without

preconditioning and for optimum pre-conditioning.
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TABLE 2
P-Condition P-Condition Number
ﬂ;::trﬂ?{f Number withuyt for uptirpu_m Pre—
Pre-Conditioning Conditioning

4 6.919.10% 2.821.10
5 8.517,100 1.548.108 !
6 L.107. 104 0.724.104
7 1777108 6.523.100
g 2.064.107 4,644,101
9 2.907.10% 3.408.10°
10 4.154.10° 2.548.10¢
11 6.001.10m 1.952.107
12 8. 786,100 1.527.10*

We see that the P-condition number decreases by a factor of 109,

Exemple 2. In Table 3 we present the P and N condition numbers
of the Wilson Matrix, i.e.,

5 7 ] 3
7T 10 8 7
6 & 10 9

5 7 9 10
which possesses the P-condition number = 2.9840.10¢.
TABLE 3

w | P-Condition | N—Condition

0 | 2.2244.100 565.72
2| L.1651.100 298.33
4| 6.7699,10% 177.73
B0 46067100 123.43
B
9

3.7357.100 100.85

. 3.5858.10% 96.95
1 | 3.5855.10° 97.08
1.1 3.7303.10° 101.18

12| 4.0337.10% 109.95
14| 52866.100 143.14
1.6| 8.0630.102 213.84
1.8 1.4049,108 362.01
2 | 2.6869.100 679.20
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For comparison, we give the error matrix |I—AA4~| without pre-
conditioning and lMor m=1

without preconditioning

256.10-* JAT5,107% (145.10-% . 553.10-F
J42.10°% 768,107 A04.10-8 24,100
2461078 JA79.10° L147.10-% 520, 107#
219.10-8 65,101 JA37.00-¢ 507.10-7

w= ]
B67.10-%  B6T.10-1® 325,107,542 10~@
J32, 007 164,107 04101 424,101
J68,10-F (116,10~ 865 10-® 288,10~
L2B9.10-% 220,10~ [109.10-%  ,305.10~w@

Example 3. Finally we give an example of a non-symmetric matrix.
Here instead of the P-condition number we have to minimise the
k- condition number. We consider non-symmetric 6% 6 Vanthermonde
matrix :

| O R B
&y Xy By Xy Xy
R N B
Filxy, xg, %5, 3y x5, )= _,;:: g‘i x X x x
oo® & oK A ox
L

and we set :
=1 m=2 m=3 x=4 x15=7 zx==0
The condition numbers of A4 are:

EfA)=17.311.10°
N{A) = 1.220.10°
M{A) = 1.975.10°

In the following table we give the values of these condition numbers
VErsus o.
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TABLE 4

|
I ® | Number
! 0| 7.581.10°
! 1| 524710
2| 702100
| 3| 2.666.10°
4| 1956100
| 5| 1477000

6| 1.156.100

7| 9,338,100

8| 7.703.10%

9| 6.455.100
1| 5.481 108
1.1} 4.715.100
1.2| 4.121.100
; 1.3| 3.689.10% _
14| 3.441.100
1.5| 3.456.108
1.6| 3.914.100
1.7| 5.181.10%
18| 7.955.100
1.9| 1.553.100
12 | 2.428.10°

K -condition | N -condition | M -condition |

MNumber

1.399.10¢

1.017.10#
7.588.108
5. 781,108
4.478.10¢
3.514.10°
2.786.10%
2,228.108
1.796.10°
1.458.10°
1,194,104
9.885.10

- B.305.10

7.152.10
6.432.10
6.245,10
6.866.10
8.889.10
1.347.10%

| 2.277.108

4,677,100

: 7.876,10°
| 4,790,108 |

| 3.563.100 |

| 2.003,108
1,742,108
1,499,100

| 9.805.108

b 7715100

Mumber

3.953.108

3.230.10¢

| 2.896.10°
| 2.580.109

2.283.108

1.290.10%
1.135,10%

8.B18.10%
8.267,10%

7.164.10% |
7,694,102 |
|

| 1,565,100
3.018.100

6. Pre-conditioning applications whilst maintaining integer

coefficients

It can be argued that pre-conditioning as it has been developed in
the last section doés not maintain integer coefficients of a linear system,
if they happen to be so. We now introduce a similar pre - conditioning
that maintains integer coefficients.
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Consider a system Ax=20

A=D+L+ILT (60)
and let:
20| =<1 L] ay

consider then the pre - conditioning,

(D—L){D4+L+LT){D—LT J{{D—=LT )] w: {D—L)b

B = (D—L)(D+L+LT }(D—LT ). (62)

The pre-conditioned matrix B is integer if the original A is integer
(in a way by assumming ]|Dj|<||L|| we use only the first two terms of
the expansion of (14 LJ-'). This pre-conditioning is less effective than
the one introduced in the last section, however it keeps integer the
coefficient matrix and gives a better conditioned matrix for matrices
like (60), (61). For example the 27 % 27 matrix,

6 —4 1 B
-4 & —4 1
II. _|4- ﬁ‘ ‘.I .

* —4
1 —4 f

has P - condition number = 22,440, and the pre - conditioned one, as in
(62) has P -condition number = 6,130,
For realistic engineering problems however, it is highly unlikely

to have a situation in which the coeffisient matrix is given with inte-
ger coefficients,
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