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1. Introduction

The solutien of scientific problems defined by partial
differential equations presents such analytiecal difficulti-
es that numerical metheds appear to be the only reasonable
means of solution within the foreseeable future.

Usual mumerical methods of solution for the initial

boundary-value type problem posed by parabolic equations ha
ve been the explicit and implieit (Crank-Nicelson) methods
in which the solution is obtained by a point or line step
by step process on a chosen network of lines over the given
open domain i.e. the semi-infinite strip R.

An alternative strategy which does not suffer from the
row-to-row ervor accumulation of the initial value techni -
que is to determine, the steady state solution u as t+=
Then with the assumption that this is the solution on row

t=T, we solve the resulting boundary value problem on  the

#0n leave of absence from Department of Computer Stu-
dies, University of Technology Loughborough Lelcestershi-
re UK
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truncated closed region R, (Greenspan, 1974).

2. Statement of Problem

Consider the solution of the parabolic partial diffe-

rential equatiecn

0, fix,t.u,u“] (2.1)

in the semi-infinite strip R{{0sx =d), t 20}, given the
initial econdition,
u{x,0) = g(x), 0=x <d, (2.2a)
and boundary conditions,
u(D,t} = g(t), tzo0,
(2.2b)
u(d,t) = ga(t), tz20,

Now we assume that equation (2.1) subject to the ini-
tial boundary conditions (2.2) has a solution at t==, i.e,
the steady state solutien, which is determined by the boumr

dary wvalue problem,

d%u/dx? = flxsuu ), 0 x<d, (2.9)

with u(0) = a, wul(d) = b,
where lim gi{t) = a, lim gz(t) = b.
L T

The solution te (2.3) can be easily obtained by ap-
plying iteratien techniques to the finite difference squa-

tions

- *= - - =
(.4 Eui+ui_11h f{xi,ui,{ui+l ui_l}HEh},lﬁisn 1,nh=df2,5)
where we have assumed that f has continuous derivatives and

are bounded in the interval [0,d]. For a linear funetion

equation (2.5) results in a tridiagonal system of equa -
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tions which can be solved by a Gaussian elimination proce-
dure for the solution walues for t=T, whereas for a mnon-
linear function, the set of (n-1) non-linear equations can |
be solved by Newton”s method (Keller, 1968}.

3. Formulation of the Boundary Value Problem

We consider now the reformulated boundary value pro -
blem,

u__=u
o 4 t

= fEH,t.ﬂ-.'lej. {3-1}
over the rectangle AS{(x,t) 0<x =d, 0=t s T} with bounda-
vy 9R. For the numerical solution of thisdifferential equa-
tion we impose a uniform (n*m) rectangular grid of mesh si-
zes h,k respectively on R=R U8R and by use of the following

central difference operators:

u

i 2 2
o {ui—l.j ?ui,j+ui+1.j1fh +0(h*), (3.2)

{u ¥/ 2k+0(k%),

and u, i‘j+1_ui,j-1

we approximate the equation (3.1) at each internal node (i,

1) by the 5 point finite difference equation,

. ™ s + .= . = o
ft B ?wz-lsj Eimi,:l Emﬁld %4,351

= —Ekf{xi,tj,ui’j,{u“l-j-ui_l‘j}ﬂh.}
for i=1(1)n-1, j=1{1)m-1, (3.3)

where r=lk/h®.

We now consider in detail the case when f is & linear
function for here it is worth mentioning that equation (3.
3) then represents the Richardson unstable formula for the
diffusion equation when used in a marching type solution

procedure (Forsythe & Wasow, 13960).
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Consider now a colummwise ordering of the mesh points
in the domain R such that for each point (i,3) the totali-
ty of the linear difference equations (3.3) (i.e. f=F(x,t)
preduced in this way yields a (NxN) 1ineaﬁ syastem of the

form,
Au = b, (3.4)
where "bl P, e
Ei Dz F»
u LY "
\’* 1"'-. x‘ ﬂ
b LN LY
A= M b et ,_,
Y T T =D+E+F,
LY LY
Y u (3.5)
0 e ~, R"-.
LY
% D=2 n=2
En~2 n-1
Hith S = fn—llx{ﬂ'lj
B 1 i
T
a ]
s I 0
LY ", LY =F =
] H\. H""u ‘-“‘ !'Ei 1
Dl i N —opT
o T (m=-1)x(m-1)"
b, , R
0 p b 1 (3.6)
"b.‘ H"b.,
- L
- L leieime1)

where m=T/k, n=d/h and N=(n-1)x(m-1), and b iz obtained by
inserting the known boundary values (when applicable) into
the equations (3.5).

When f i=s a linear function of the form f{x,t,u,ux]

then the difference equation assumes the form,

k k
ui,j+l (2r+ o f}ui_l’j+{ur+2kf]uiji (zr ™ f)ui+1,j-ui,j—1
= _Qkffxijtj], (ﬂ_‘_?'}

and consequently we have
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for 1=1(1)n-1.
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" Ei=—f2r+kffh}l,
and Fi=—{2r-kffhjl,
(3.8)

It can be readily discerned from (3.5) and (3.8) that

A &5 a block tridiagonal matrix where thelni.Ei and F, sub-

matrices are of tridiagonal Toeplitz and diagomal forms re-

spectively.

when £ is a mildly non-linear function, the above a~

nalysis results in a similar systemof non-linean eguations

of the form,

Au = blu),

which can be solved by a generalised Newton method (Green-

span, 197u).

Similarly, we can consider a row-wise ordering of the

mesh points (Carasso & Parter, 1970) in the domain R, from

which we cobtain the linear system

by Fy
1 Da
o oy
s
-
A = s

Where now,

(2.9)

- -

=D+ E+ F , (8.10)

{m-1)x{m~1)
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bp =2p
- Yr -2p
L "y
1|"‘."'«. \""“- HH&. lul ‘E =_E.:'I ]
. s M VL i 3 T(n-1)x(n-1)
j’ = Y ""'-,,“ " s
Wil NN 1514244 4(m=1)
n M x‘ H\
o br -2p (3.11)
b
- R 3 o

with similar medifications to (3.7) and (3.8) for £ non-

linear,

4., Iterative Methods of Solution

Point iterative methods of solution for the finite
difference equations (3.3) can easily be given., Thys,assu-
ming a consistent ordering of the points (i,j) the $S.0.R.
.method is

(B41) _ () w0 (841 (B+1) . (R) (%)
LR R R W PE T
—4ru£L;-Ekf], 17132400 ym=1y §21,2,.,..,m~1.(L.1)
L)

The eigemvalue spectrum of the point Jacobi method is
given by

S q.={HPEDE{prn}+Eicn3(qlfml}fub, p=1(1)n-1,9=1(1)m-1,
and thus the speectral radius is

41
p=max |u_ | = {4rfeos?x/n)+cos? (n/m)FF /om .

p.q Psq

Similarly, from the blosk tridiagonal structure of A
it is obwious that we can consider block iterative schemes
for the solution of (3.4) in which gach block of unknowns

consist of all the points uy 5 in a coelumn of the grid,i.e,,
3
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" s " i 1 Is i
{uigl*ui,?’ul,E' ,ul‘"rl} for each i in the range

£ n-1.
Then, the block Jacobi method is giwven by

1 o g 4 b, (1.2)
and the block successive overrelaxation method by

(D+mE]EiL+1} = —[mF+{m—1}D]E{L]+mh, (4.3)

LA, mu{“é.%(ﬂmm'liwﬁlﬂ*l}m1 b=w(D4uwE)~ b,

where again the superscript & denotes the iteration cycle
and w the block overrelaxation parameter.

Now the block Jacobi method is convergent if the spec-
tral radius of the iteration matrix {-D~'(E+F)} satisfies

pl{-D"Y(E+F)} < 1 .

The iterative method of the column block Jacobi method
has an eigenvalue spectrum given by

- = 2reos(pn/n)/{2r-icos(qn/m)}, p=1(1)n-1,q=1(1)m-1
#

{8.4)
and spectral radius

1
o = Zreosta/n)/{uri+cosi(q'w/m)P < 1, (4.5)

where q' = Eﬂ i=s the integral part of m/2.

Then the columm block Jacobi iteration method is con -
vergent for all values of r>0.

The iterative matrix of the row block Jacocbi method
has a purely imaginary eigenvalue spectrum, namely

]

S icos(qu/m) /[ 2r{l1-cos(pz/n)}]

go that
cos(n/m)/[2r{l+cos({n/n)}l]. (4.6)

k=
n
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From the 5.0.R. theory (Yeung, 1971) we have that sin-
ee A has block property ﬁiﬁﬂl and is consistently ordered
with p{D™'(E+F)} complex then the 5.0.R. method is con-
vergent if for some positive C, w satisfies

D<w< 2/(1+0) (u.7)

and for each eigenvalue ka+iﬁk} of {D"*(E+F}}, the fol -

lowing relationship is satisfied, i.e.

v +o8 et < 1, (4.8)

We now seek a choice of the optimum overrelaxation pa
rameter w sathat:ﬂiigi} is minimised. Thus, we wish to
calculate

7 2 2
%:V‘”u” - (w-1)| (%.9)

P{:fim} = min max

w  ueb

where E is an elliptical region containing all the eigen -

values y=y+i§ of (~-D~'(E+F)). It has been shown (Young ,
1971) that the eptimal w is given thus

w, = 2/01+/TT-(y2-52)11, (4.10)
with () = [y48)/ (I T-(y820)1% (u.11)

foﬁ}{mb*I}IET-G}

Fiﬁally,since||fj£ib}n|| where || || denotes the
spectral norm, behaves as

n n-p+l
(ool ZL 1

where [pfl} iz the binomial coefficient and p iz the order

of the largest diagonal block of the Jorden canonical form

mf:{égﬁa}*
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In particular, if all the eigenvalues are-distinet then
p=1 and we obtain an approximate relation for the number of
iterations required to satisfy the convergence criteria £ in

the form

[n{fmb}]n Ea o

i.e. which gives for n, nﬁlugiala’lng[p[gﬂb}] " (4.12)

It is the purpose of the following numerical example to
test the validity of this thecory ror the chosen reformulated
boundary walue problem.

5. Fast Algorithmic Solution of the Block Systems

Obviously the success of any block scheme depends sole-
ly on whether efficient algorithms for solwving each bleck of
unknowns exists and whether it is competitive with existing
schemes.

The successive column line overrelaxation method (4.2)

requires the direct selution of matrix equations of the form

QEFE+1} =b 4 {5.1a)

for each column of the rectangular domain R, wherae b is a
sub-vector of known elements and each sub-matrix D is as gi-
wven in (3.6). Similar systems will be required to be solved
for the successive row line over-relaxation method (3.9).

Suitable efficient algorithms based on the Gaussian e-
limination and triangular faatnbisariun methods can be deri-
ved where we note that because of the diagonal dominance pro-
perty of the blocks no interchange of rows in the elimination
procegs is necessary or required to maintain numerical sta -
bility in the solution process.

Fn? the special symmetric form of ﬁj in (3.9), a fast
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algorithmic solution procedure has already been given by
Evans (1972). Here because of the special form of Di, i.a,
tridiagonal and Toeplitz it seems pertinent to investigate
whether a similar fast algorithmic solution process can be
derived. (Evans, 1380).

The linear systems (5.la) can be rewritten in the e-

quivalent form

HE =g 4 (5.1h)
where 1-n? o
=8 l_ﬂz HHH u
~. ~. b
H= h'-q.*.' h'"\-.‘- “'1.1
o *._‘ N
ﬂ ™ a ""'1 2
s N m-1)%(m=1)

and we have used the simple transformatiens,
a = 1/2(r+/ur2+l), (5.2)
E.ﬂd. Eq ={1'a=}bqfﬂ]‘:‘ 2 q=11?‘.||h{m-1} a

Further, we can obtain a direect matrix factorisation

of H such that H=PQ where P and Q are easily invertible ma-

trieces of the form, i =
1 o |' -a 1 0
ol I N N
W " 0 I N iy
L I and § = T (5.3)
\ Y i o,
B= i i % I b S
%, . i & 0 " 1.1‘
‘-g b I ""H Y
0 , "*“l
k\ 1 =8 1
e T e o el
= “Lig ) mxim-1) L - (m=1)xm

Thus,the system (5.1) is solved by rewriting it as the
alternative coupled system,



Vol. 20,1979 THE SOLUTION OF PARABOLIC PARTIAL... 33

Pr=g , (5.4)

and Qu =¥ , {5.5)

where v (4=1,2,...,m) is now an intermediate (m=1) wvector.

From (5.2) it can be verified immediately thata<l and
therefore we can use o as a multiplier in an  elimination
process without ineurring numerical instability from round-
off error.

Hence, by applying elimination procedures similar to
that used in Evans (1972) to the two coupled linear systems
(5.4) and (5.5), it can be shown that the expression to e-
valuate u__, iz given by

o Ci-at+a®=. . 40-111ade.  ca(e1)T 220010

m-1

123 m—?uE{m-E]]

=gm_lI1—u1+d‘—...+{—1} towatl)

i24 m=3 2{m-3) i
- P 2 .
g, Li-a®+a’~. . ) 0 T+ )T T Tee..bog o .

m—i—EEE{m—i-2]]+

[1-ﬂ1+|1h- a5 8 +{"1.} o oa A m-agﬂ[ l_us 1+|:‘m-EE.1 !E 5 iﬁl}

together with the connecting equation,

= " 5.7
L R (5.7)

Then, equation (5.6) is simplified, for 1u| < 1, to give,
_ o pair=1 _{_2ym=2

[1-{—uﬁm]um_l = gm_l[l {-a") J+ugm_2[l (-a?)" 7]

+...+um-3gz[1-E—ai}il+um-gg|[1—(-32}] =

1.8.,

- -—

m-2 ™
gzte @E1—a [-g1

¢ 24 . m
[1=(=a®) " lu_ = g tog o +...4e
m=1 m=2 |

i i-1
ﬂgg-qigah”ﬂ—l}a L AE=1 e e (5.8)
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from which, by using a nesting technique, u _, can be com—
puted in 2m multiplications and 2m additiens approximately.
A back-substitution process, using (5.4) yields the

components of the auxiliary vector as,

Ve T ByTuv

: 1.'i=m-1im—2,....1 (5.9)

i+

whera Iv == -
f -1

Finally, the solution wector u is given by a forward

substitution process obtained from (5.5) to give,

s vy o, (5.10)

u.
1

The algorithmic solution (5.8)-(5.10) together with

vi-l-m']i—l' iIE "3-..1. = ,m_:l-?q- !

the comnecting equation (5.7) requires 5m multiplications,

and m additions provided that (5.9) is evaluated efficien-
tly by a nesting technique together with the ecaleculation

of predetermined guantities.

A similar faunding error analysis to investigate the
cumulative effect of the rounding ervers incurred during
this algorithmic process can be completed similar to ~that
given in Evans (1972) to verify stability.

6. Numerical Example

In order to test the validity of using the wunstable
Richardscn fammula within the specified block methods, we
conzider the initial boundary problem posed by the linear
parabolie partial differential equation

M T Uy = XU (6.1)

in the semi-infinite strip 0sx=1, t20, under the initi-
al and boundary conditions
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u{%,0) =x , 0=gx<l
u{0,t} = 0 s T=20 (6.2)
and u{l,t) = a_'t s Ttz

The steady state solution to (6.1) is given by the

differential eguation
u" - x' = 0, {(6.3)

whilst the end points of the range (0,1) given by (6.2)for
tz= (T) are

u(0) = u(l) = 0, C(B.4)

from which the analytical solution at t=T, 0=x <l can be
verified to be u=0Q.

Now choosing the grid size h=0.13; k=0.1, which gives
the value of the paramster r=10 for the chosen mesh we as-
gume that the steady state sclution is achieved at T = 10

then the difference equations become,

ui.i*lhr(2+hxi]ui_1=j+urui.jhr{?—hxi}ui+l‘j~uilj_I=D.{5.5]
i:l,?!iti-}g; j=l!2!F1"‘ !gg"
We can test the convergence of the point and block

successive overrelaxation methods and the theory for  the

optimal parameter and convergence rates (number of itera -

tions) as discussed briefly in Section # when the iteration
matrix has complex eigenvalues.

The above-mentioned investigation results in a large:
system of linear egquations of order N=891 which were sol -
ved on the computer at Loughborough University for wvalues
of w in the range EG;E}. The numerical solution agreed with
' the exact solution u=xe_t to within a prescribed degree of
aﬂéﬁracy, £=5x10 "and the results are givem in the accompa=

nying table,
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Theoretical Results |Experimental Results
optimal w, fno. of optimal |minimum

Method (4.10) iterations]over-re-|no. of
(4.12) lazation|iterations
parame -
Iter oy
Point S.0.R. 1.523 23 1.5 23
Col.block
5.0.K. 1.515 24 1.5 24
Row blaock
S O.R. 0,823 7 0.78 7
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