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Abstract. Given & locally m-convex algebra, we examine when a quasi-singular
element of it becomes a topological divisor of zero, in a appropriate sense, to
which cne is forced here, for lack of unity in the given algebra. This is achieved
for gquasi-singular elements of type (A) and (B) m certain locally m-convex
algebras. Furthermore, i the context of suimble locally m-convex algebras,
topologicel zero divisors are roots of Silov points, while the latter characterize
also non-removable ideals. On the other hand, a characterization of Silov points,
sccordingly of non-removable ideals, is obtained by means of topological divisors
of zevo, realized by the same net. Finally, we also characterize advertibly complete
locally m-convex algebras through topological divisors of zero.
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1. Introduction

Topological divisors of zero in a unital Banach algebra A (not necessarily
commutative) are automatically singular (i, non-invertible), while the converse is
valid for the singular elemeniz of A contzined in the topological boundary bd{A’)
of the group A of is invertible elements (see, for instance, C.E. RICKART
[8] or [9], E.L. STOUT [10]), R. LARSEN [5]). Farthermore, in the commutative
case, R. ARENS [1] characterized singular elements x €4, as topological
divisors of zero if, and only if, their principal ideals x4 are non-removable, A
generalization of the latter result is given by W. ZELAZKO [11), in the context of
a Banach function algebra A, getting thus that the only non-removable ideals in A
are those contained in kernels of Silov points; now, the latter wdeals are also
characterized as those maximel (closed) ideals in A consisting of topological
divisors of zero realized by a common nel. In the same framework, topological
divisors of zerc were characterized as roots of Silov points (see GELTAND-
RAIKOV-SHILOV [2]). A similar characterization was given by K.
MISHIZAWA [7] in acrmed funcuon algebras and by R. LARSEN [5] in a unital
semi-simple Banach algshra A, with || 2! £ ki|x*||, x e A, for some k > 0.

Our aim in this paper is to treat the above within the context of topological
algebras, in general, aot nacessarily Banach and/or Banach function algebras, as
wias the case hithertc, In particular, concerning the aforementioned RICKART's
result, by wsing the notion of a pseudoplane subalgebra (cf. (2.5)), we get a
generalization of it i the contaxt of a locally m-convex algebra (E, I'), such that
(E,p) is a psendoplara subalgebra of its completion for some continuous
submultiplicetive semi-noms p oa E NMamely, every guasi-gingular element x & E
contained in the topologecal Soundary of its quesi-invertible elements implies that
l1—x is a topological alvisor of zero, provided ifs associsted net is eventually
bounded in (E.F), being acmuslly valid in (E,p) (c¢f (3.9), Theorem 3.1,
Proposition 3.1 and Coraliary 3.2).
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On the other hand, we consider topological divisors of zero as roots of Silov
points in appropriate locally m-convex algebras, while the converse is also
examined in another type of locally m-convex algebras (Theorem 4.1); the
compilation of both would lead to normed algebras (1), so that we actually
consider another version of the previous result (see e.g. Proposition 4.1) that
circumvents the normed case. Furthermore, by extending ZELAZKO's results, we
show that the Silov points, when viewed as closed regular maximal 2-sided ideals,
are non-removable in a topological algebra E with Silov boundary A(E) contained
in the spectrum of any superafgebra of E(Lemma 5.1). In general, non-removable
ideals are characterized as the ideals contained in kemels of Silov points, for a
suitable topological algebra (Theorem 5.1). Yet, based on Theorems 4.1 and 5.1,
the Silov points are further characterized as those continuous charactars, whose
kemels consist of topological divisors of zero realized by the same net (Theorem
6.1, Corollary 6.1).

Part of this paper iz based on the author's Ph. D. Thesis, writien under the guidince
of Professor A, MALLIOS (Univ, of Athens), to whom the suthor wishes to express her
gincere thamks for ingpiring and belpful discussions, as well as, for constamt encourngement
during this work.

2. Preliminaries

In all that follows, by a fopologrcal algebra we mean a complex topological
algebra E with non empty spectrum TF.(E) endowed with the Gel'fand fopology.

The Galfand map of E is given by
GE=C(TMEN: x=F{x)ex
(2.1
(TUEY=C: i (= F(x).

The image of &, denoted by E*, is called the Gel'fand transform algebra of E
and is topologized as a locally m-convex algebra by
(2.2) E*g C(T(E)),

where the algebra C (T1U(E)) "carries the topology "¢" of compact convergence
{ef. [6: p. 140]). Given a subspace H of E, & subset B g 71(E) is said to be &
spectral set of E relative to H, if

(2.3) Sp, (x)=x(B),
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for every x e ff, where &pﬁ{x} denotes the specirum of x € H (cf, [6: p. 47,
Definitions 1.1, 1.2]). If Eis unital, a B & 17(E) with the property

(2.4) YxeH with 0Ogx(B)=axeF,

where £ stands for the multiplicative group of invertible elements of E, is called

an inverting set of E relative fo H. Evidently, in a unital topological algebra E,

every spectral set relative to a subspace H is an inverting set relative to H, while

the converse statement holds true if H contains the constants [3: p: 15, Theorem

2.1]. Of course, every inverting set of E (relative to F) is such & one relative to H.
Om the other hand, a subalgebra F of E is pseudopfane, if

(2.5) E'nFgF,

that is, every x € F quasi-invertible in E (viz. x € E") has its quasi-inverse in F.
Yet, by a uniform algebra we mean a locally m-convex algebra E such that a
fundamental family of submultiplicative semi-norms, say I' = {p}, defining its

topology, satisfies the property
(2.6) pix*)= p(x)’, xeE,

for every p € I' (cf. [6: p. 274, Definition 5.1]).
Now, we say that a closed B ¢ V1(E) is a boundary set of E, if for every
x € F there exists £ € B such that

(2.7) |x{£)Y= jﬁﬁisf{b.‘ll = Py (1),

The smallest such set, denoted by A F), is defined as the Silov boundary of E (cf.
[6: p. 189, Defmitions 2.1, 2.2]) and its existence is accomplished in a unital
topological algebra E with compact spectrum TI(E) (ef. [6: p. 192, Corollary
2.1]). On the other hand, conzidering for every x & E the set

(2.8) M, ={f € T(E): [#(F)|= sup|(B)] ),
A&t E)
being closed by the continuity of ¥, an element £ e 7T1(E) belongs to A E) if,

and only if, for every open neighbourhood V of £ in TI(E) there exists x € E
such that

(2.9 M. gV

{cf. [6: p. 190, Lemma 2.1]). A superalgebra F of E is, of course, a topological
algebra F containing a subalgebra isomorphic to E with an eventual stronger
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topology from the relative one; we write £ = F. A 2-sided ideal J in E is said to
be non-removablg, if for every superalgebra Fof E, the 2-sided ideal (I) generated
by Iis proper in F.

However, we also apply in the sequel (cf. Thoerem 5.1) the more general
notion of a iple (E, ¢ F), with ¢: E— F a continuous algebra momphism
between the topological algebras E, F. (I owe this to A. MALLIOS), In this
context, we also speak of a non-removable ideal I of E, whenever ¢(I) generates
a proper ideal of F, as before. Henceforth by an ideal we always mean a 2-sided
one.

3. Topological divisors of zero.

Given a topological algebra .E a Z-sided topological divisor of zero is an
element x € £ such that there exists anet (z,)} g E, z; =% 0 with

(3.1) lim(xz;) = 0 = lim(z,%).
The set of 2-sided topological divisors of zero in E is denoted by B, (E). In the

sequel, by a topological divisor of zero we mean a 2-sided one. In this respect, we
note that in a unital topological algebra E, a topological divisor of zero is singular,
i.e. non-invertible. Aceordingly, i a non-unital fopological algebra E an element
x € E is quasi-singular, i.e. non-quasi-invertible, if 1= x is a topological divisor
of zero in the unitization of E, E, = E® C. By sefting

(3.2) SI(E)={xeE:1-xe.b,(E),

we seek conditions guaranteeing the converse of the last statement, viz. when a
guasi-singular element belongs to 57 (E).

In this concern, an element x € E is said to be of type (4), if it is quasi-
singular and there exists a net (x,) = E, with x =li:t|in.rj;lhut is

(3.3) xeE n(E'Y.

The set of the elements of type (A) is denoted by ¢,(E). Thus, one has the
following fact, whose proof is straightforward,

Lemma 3.1. In every Q-algebra E one has
(3.4) £, (E) = bd(E").

(We denote by bd(E") the topological boundary of E™). u
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On the other hand, one also obtains the next.
Lemma 3.2, Let E be a topologrcal algebra such that

there exists a continuous submultiplicative semi-norm p such
(1.5) that (E,p} is a pseudoplane subalgebra of its completion ( E, p).
We say, for short, that E is p-pseudoplane.

Then, for every x €t,(E, p). the respective net (x;),,, 15 frequently unbounded

(i.e, not evemtually bounded [6: p. 466, Remark]) in (E,p), bence in E, as well.
Therefore, a fortiory (x;) is also unbounded in E.

Proof. Assuming that the net (x;), . is eventually bounded in {.ﬁ,fr}, wie

get a contradiction: Indeed, by the assumption, for a given £ >0, there axist 4 >0
and & €J such that

(3.6) plx;)= 4 5,

for every §24,. Hence by (3.6) and since x, —» x e(E, ij{E, B), one gets
Blxzox)s pll=x;)plx—x)s (1+ plx;))plx-x,) < (1+Ae)p(x - x,) <1,
for every d 24" for suiable & eJ. (Here p, stands for the semi-norm in the

unitization, associated to p). Thus, for the complete locally m-convex algebra
(E,p) one has x; e x e(E, p)’, for some § 248" (cf. [6: p. 101, Corollary 6.3]),
such that x &(E, p)°. Hence, by (3.5) (cf. also (2.5)), x e{E,p)", a contradiction
to the hypothesis for x. i

Therefore, the met (x;),,, is frequently unbounded in (E,p), hence in
(E, p), as well. Otherwise, for every neighbourhood U7 _(£) 3 0 &(E, p), hence for
every neighbourhood F;(e)=U ,(g) 30 e(E, B) (ef. [¢: p. 134]), there would
exist 1> 0 and 8, e with B(x;)= plx;) <A &, for every 4 24, so that (x})
would be eventually bounded in (£, p), a contradiction. Furthermore, (x}) is
frequently unbounded in E, by the continuity of p. g

Remarks 3.1. = i) Since in a topological algebra F one has
(3.7)  r(E)st(E, p), ¥ pcontinuous submultiphicative semi-norm on E,

the conclusion of Lemma 3.2 holds true for every x et ( E).

ii) Yet, we remark (A. MALLIOS) that every p-pseudoplane locally m-
convex algebra is also /~pseudoplane. (See next corollary).

i) The previous proof yields also, implicitly, that; the limit of guasi-
invertible elements whose net of quasi-invertibles is eventually bounded, is guasi-
invertible as well, (See also [9 : p. 18, Theorem 1.4.21]). )
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By applying & similar proof to that one of Lemma 3.2, one has the
followmg,

Corollary 3.1. Let (E, " = {p,} o) be a locally m-convex algebra which is
a pseudoplane subalgebra of jts completion. (We say, for short, that E is [-
pseudoplane). Then, for every x €t ,(EF), the respective net (x;),,, 15 frequently
unbounded in E. g

Scholium 3.1. = It is obvious that every semi-normed advertibly complete
algebra fulfills the condition of Lemma 3.2. On the other hand, we can also give
the following example (due initially to A. MALLIOS): Let (E, |||} be a normed
()-algebra. Then, E equipped with the initial locally m-convex topology, defined
by the set I ={p} of all submuliiplicative semi-norms on E (being the stronger
one on E, c¢f [6: p. 11]), becomes a locally m-convex algebra with p=f|{|el,
such that (E, p) is & pseudoplane subalgebra of its completion (E,p) (cf. [6 : p.
96, Corollary 5.1, along with the Remark before it]).

According to Lemma 3.2, by teking x e, (E, p), the respective net (x;),,,
is frequently unbounded in (E, p), hence, there exists £ >0, such that for every
A >0 one has

(3.8) P> e 4,

with &' eJ' cofinal subset of J Thus, every x €f,(E,p), hence also every
x et (E) (cf. (3.7)), is associated with & net of the form

{(3.9) zp i =(p(xy))" X5, & el c J, with J' cofinal,

called associated net of x.

The above lead us to the following: If x ¢, (E}, for E a topological algebra,
then, by definition, there exists a net {x;) < E, with (x;) converging to x Now,
assuming that this net is frequently unbounded, by enalogy with (3.9) and
applying, in place of p therein, the Minkowski functional of a neighbourhood of
zero, we find what we may call here too an sssocigfed net of x.

Thus, we now set.

Definition 3.1. Let F be a topological algebra. We say that an element
x €t,(E) is of type (B), whenever any associated net of x is eventually bounded.
We denote the set of*these elements of Eby ¢, (E).
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In this regard, we remark that the previous definition has a more concrete
form in the case £ is a [~pseudoplane locally m-convex algebra (cf. Corol. 3.1).
Now, on the basis of the previous discussion, we have a condition

quaranteeing when a particular type of quasi-singular elements are topological
divisors of zero, in the sense that they belong to SI(E) (cf. (3.2)). In this

concern, we refer to [8: p. 1066, Theorem 2.6, (iii)], or [9: p. 22, Theorem 1.5.4,
(iii}, p. 24, Theorem 1.5.9, (ii)] and [7: p. 4, Lemma 1] for the case of unital
commutative Banach algebras.

Now, the next result specializes to Theorem 2.7 of E. L. STOUT [10: p. 10].

Theorem 3.1. Let E be a [-pseuvdoplane locally m-convex algebra. (Take,

equivalenirly (6], E advertibly complete). Then, every x € E of type (B) belongs
to S3(E).

Proof. Assuming that an element x € E is of type (B), then, by definition,
for every @ e/, there exist 4, >0 and & eJ'(c J,cofinal), with (cf. (3.9) by

also taking p= p;) '
(3.10) plz)sA, p, el

for every &' = 4;. Since py(z,)=1, & eJ', the associated net (z,),,. of x
diverges from zero. Furthermore, since by hypothesis x is of type (A) and due to
the relations (3.8), (3.9), (3.10), one gets for every a &1,

G0 p (= x)z;) =lim p, (1= xp)2,. ) = Hm p, (x5 = x5 )py (x5 ]
< Py = xx )P (20 ) = p(x, ) py (25 ) —— 0,
yielding that 1 — x is a topological divisor of zero, g

As we shall see in the following, there is no distinction between elements of
type (A) and (B) in (E, p) as in (3.5). That is, one has.

Proposition 3.1. Let E be a p-pseudoplane (topological) algebra (ef. (3.5)),
Then, in (E, p) the elements of type (A) and of type (B) coincide, belonging to
SI(E, p), as well. That is, we have

(3.12) t,(E,p)=ty(E, p) < S5 (E, p).

Proof. Assuming that x is of type (A) in (E, p), the net (x}),_, is frequently
unbounded in (E, p) (cf. Lemma 3.2). Thus, by considering the associated net
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(25 )por of x, we have p(z.)=1, & &J', so that (2,) is bounded in (E, p},

hence, eventually bounded, so x is of type (B) in (E, p). Now, by applying (3.11)
to the particular p involved herein, we get our claim for SJ(E, p). u

As a consequence of the previous Proposition 3.1 and Remark 3.1, i), we
obtain the following.

Corollary 3.2. Let E be a p-psevdoplane topological algebra. Then, for
every x € E of type (A), 1 — x is a tapological divisor of zero in (E, p),. That is,

(3.13) tL(E)YS S(E.p). m

In fact, the relation (3.12) characterizes the algebra considered as a p-
pseudoplane algebra, according to the next result, whose a consequence is, for that
matter, Corollary 3.2

Theorem 3.2. Let E be a topological algebra and p a continuous
submultiplicative semi-norm on E. Then, the following assertions are equivalent:

1) E 15 p-advertibly complete.

2) E is p-pseudoplane.

3t (E,p)e 8 (E, p).

Proof. 1) < 2): Apply [6: p. 96, Corollary 5.1 and previous Remark] for the
semi-normed algebra (E, p). 2) = 3), by Proposition 3.1. Conversely, if E is not
p-pseudoplane, there exists x € F such that x (E, p)" n((E, oYY c(E.p)’ ™
((E,p)")"; hence, x £¢,(E,p) and by hypothesis x .87 (E, p)g S3(E.p), a
contradiction. g

On the other hand, one still obtains,

Theorem 3.3. In a locally m-convex algebra (E, I ={p}) the following
stgtements are equivalent:
1) E 15 advertibly complete,

2) E is I'pseudoplans,
It (E)a | JE(Ep).,
par

Proof. 1) <> 2): See [6: p. 96, Corollary 5.1 and Remark preceding it].
Assuming 2}, for x €¢,(E), the respective net (x;),,, 5 frequently unbounded
(Corollary 3.1). 5o there exists p el for which the respective associated net is
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bounded in (E, p) (2ee also (3.9)), hence, by definition, x is of type (B) in (E, p).
Therefore (Theorem 3.1, we actually apply an analogous proof of it),
x e 8] (E, p), so that 2} = 3). Conversely, suppose that 3) holds true and E is not
I-pseudoplane. Then, by applying a similar proof to that one of Theorem 3.2,
there exists x €(E) N({E"Y < t,(F), so that, by hypothesis, x €.9(E, p), for
some pel, hence, in 57(E, p) too, thet is a contradiction, so that 3)=> 2), as
well, m

Motivation for the above Theorem 3.3 has been a relevant result due to A.
BEDDAA, Charactérisations des (J-algébres localement multiplicativement
convexes (manuscript).

4. Characterization of topological divisors of zero

Im this section we give a charscterization of topological divisors of zero in
suitable topological algebras by means of Silov points. An analogous result has
been given by I, GEL'FAND - D. RAIKOV - G. SHILOV [2], C.E. RICKART
[9] and R. LARSEN [5] in Banach function algebras and by K. NISHIZAWA [7]
in normed function algebras,

Theorem 4.1. Let E be a topological algebra with Silov boundary A E) and
x € E, Yet, consider the following iwo assertions;

1) x el (E).

2) There exisis ' € A E) such that f{x)=10.
Then, if E has the initial topology of the map r<G: E = (A E)) (see (4.1)
below), [}==2). On the other hand, if A E) fs compact and E carries the initial
topology of its Gel'fand map §, then 2)=21).

Proof. Let x .5,(E) with 0  £(A(E)). Considering the algebra (A E)),
by hypothesis one has X|;,, €eC(AE)) and there exists (z;),, = F, 2, #0
with Hf] xz, =0{= Ii?l z,x). The continuity of the (composite) map

(4.1) E—fu Br—L5C(AE)): x v R R 5,

implies 0 = r(G (lim x2,)) = K %2y | sg5) = WM (X a0y Zglogey )s With 2], 0,
so that &5z, 5(C (A E))), d contradiction.

On the other hand, by taking 0= x € E satisfying 2), consider for every
n N the set

(4.2) Ul[ﬂx.n}-{s Em{E}:If(g}I{%},
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open neighbourhood of the given £ € &(E). Then, the set A of all pairs § = (L7, n¥
as in (4.2), is directed with partial order §, £ §, if I, c U/, and n, < n,. Hence (cf.
(2.9)), for every & = (L', n), there exists x; € F such that

{4'31 Mﬂ‘; E U':frjz ﬂ}!
providing a net (x; )., in E By assuming
4.4 = X )= X (m) = ¥, )=1,
{ } “ .s.llp Pﬂ:.;ﬂ{ J:} ﬁﬁlﬂ;t H pﬁm{xﬁj
and by taking a suitable power of x,, we can have
- 1
4, hj<—o!,
(4.5) X (h)<——

for every h e U(f,x,n), with 1 =|| ¥, = nﬁw,[i’}=ﬁﬁib}| . {For simplicity

we do not write the power of x,. We further remark that (4.4) is preserved under
an eventual change of x; by a suitable power of it, so that (4.5) holds true),

Mow, given £ >0, let L{E. Then, for every n2 n,, one gets (cf. (4.4)

ﬂl

and (4.5))

s = l =
(4.6) Ix{hlllx;{ﬁll-:;llﬂ.;lls: &, hel(f,x0),
while
(4.7) |f{h]||iﬂ{!ﬂ|£1-;fn-cs. b &U(f,x,1),
vielding that
(4.8) Py, (58 ) =15, || < 2,

for every nz n,, as above, Hence, there exists (x,),., = F with X, -0 and
xx; — 0 (cf. (4.4) and (4.8)), proving that x is a topological divisor of zero of E
with respect to its initial topology defined by §. g

In this concern, we further remark that one is fimally led to consider a
normed algebra, in order to hdve the previous theorem, as & characterization of
HL(E), in terms of roots of Shilov points. So (A. MALLIOS), it remains to have
the same characterization for non-normed algebras, A response to the latter gives
the following result in the setting of unital algebras.
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Proposition 4.1. Let E be a unital topological algebra with the initial
topology of its Gel'fand map, Silov boundary XE) and x € E. Moreover,
consider the following two asserftions:
I) x e B, (E).
2) x e Ker( ) for some [ € A E).
Then, if E*|y,, i plane in C.(HE)), 1)=2). On the other hand, if HE) is

compact, 2) = 1).

Proof. The topology considered in E implies that x e 5, (E) iff ¥ e f,(E*),
where E*=E*[;, up to a continuous algebra isomorphism. Thus, due to the
hypothesis for E*|, ., and arguing as in the proof of Theorem 4.1, 1) = 2), we
obtain that X € (F*)’, a contradiction. For 2) = 1) see Theorem 4.1,

Referring to the assumption of being E*|, -, = E" plane in C (A E)), we
note that this is achieved when S(F) is an inverting set, while the same is
characterized by the latter property of :ﬁ;IE], in the case F is semi-simple [3: p. 29
Theorem 3.1].

Now using the concept of an inverting sét we can remove in Proposition 4.1,
1) = 2) the compact-open topology from E, taking thus the next altemative form.

Proposition 4.2. Let E be a unital topological algebra with Silov boundary
A E) and x & E. Moreover, consider the following two assertions:

1) x e B, (E).

2} x e Ker(F), for some [ € A E).
Then, if AE) is an inverting set, 1)= 2), while 2) = 1) if &(E) is compact and
E has the initial topology of its Gel'fand map. g

4(a). An application. —As already remarked, in a unital topological algebra
E, every mverting set of E is also inverting relative to a subspace H of it. Now, by
considering instead a subalgebra F of E, we examine the converse of the latter
statement, obtaining thus an extension of a relevant result in [7: p. 3, Theorem 1]
for unital commutative Banach algebras, as well as, an application of Corollary
3.2 and Theorem 4.1.

Theorem 4.2. Let E be a unital p-plane topological algebra, with (E, p)
having the inifial topology from C_( A E, p)) (see also (4,1)). Moreover, lei F be a
dense subalgebra of E and B a closed equicontinuous subset of 71 E), such that

(4.3) AE,p)c B.
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Then, the following two assertions are equivalent:
1) B iz an inverting sef of E.
2) B is an inverting set of E relative lo F.

Proof. Obviously, 1)=2). On the other hand, assuming 2), let x € £ with
0 gx(B). Since F=EFE, there exists (x,)c F such that x=li!nxi, thus

f(x)= Ii:uf{.:rﬁ} with respect to the simple convergence on B V(E), and
hence, by hypothesis for B, with respect to the uniform one. Therefore, since
f{x)#0, f{x;)#0 for every £ €B and § 2 &,. Then, by 2), x, € E' for every
§ = 8,; that is (x,) is eventually in E', If x @ E', then, by the preceding, x is an
element of type (A) in E, hence ( see e.g. Corollary 3.2) a topological divisor of
zero in (E,p). So (Theorem 4.1) ¥ vanishes at a Silov point of (E,p),

accordingly by (4.9) at a point of B, a contradiction. Thus, x € E', proving that 2)
=1), as well. g

Referring to (4.9), we note that in a_unital topological algebra E, hereditarily
Weierstrass relative to a subspace H of E, every closed spectral (equivalently
inverting, when 1, € H) set of E relative to H is a boundary set of E relative to
H (that is {2.7) is valid only for x & H), hence it contains the Silov boundary of
E relative to H, &, (E) ([3: p. 19, Theorem 2.2]; cf. also [7: p. 2, Remark 3] for
function algebras). In this regard, we say that a topological algebra E is
hereditarily Welerstrass relative to 8 subspace H of it, if TUE) is a Weierstrass
space with respect to |H*|, meaning that every ' x|, x € H, attains its supremum
at a point of 771{E), while this property is retained by every closed subset of
TM{E). Furthermore, &;(E) is defined as the least boundary set of E relative to

H, in the above sense.

5. Non-removable ideals

In this section we characterize the non-removable 2-sided ideals of an
appropriate topological algebra F in terms of its Silov points, consequently, in
view of Corollary 6.1 below, of its topological divisors of zero.

We first have the following.

Lemma 5.1. Let E be a fopological algebra with Sifov boundary ((E) such
that AE) g ‘¢(TM(F)) for any “superalgebra” F of E (in the general sénse of a
triple (E, . F); ¢f. Preliminaries). Then, for every f e A(E), ker(f) is a non-
removable ideal of E. Hence, any ideal I of E with I < ker(f), [ e AE), is non-
removable. '
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Proof. For every F o F as in the statement, the 2-sided ideal {g(ker(1)))
generated by @(ker(£)),f e AE), is proper in F. Otherwise, there exist e.g. z,, ¥,

in a certain F, x; eker(f), 12i%5n, such that ¥ z,4(x,)y, =w e F, hence
i=]

g{m} ,—_E ﬂz:}fixl.}g{_}rr.} =10, where £ = !#I{EL g e F), a contradiction, u
L]
Remark 5.1. —In the previous Lemma 5.1, the condition &(E) < "@(77i(F))
is satisfied in the case of [6: p. 195, Theorem 2.2]. (But, see also loc. cit., p. 196,
Corollary 2.2, in the special case e.g. that E, F are unital commutanive locally m-
convex (-algebras),

According to Lemma 5.1, one conchides that every ideal contained in the
kernel of a Silov point is non-removable. In fact, these ideals are the only non-
removable ones in the class of topological algebras considered in the following,

Theorem 5.1, Let E be a topological algebra with Silov boundary A E).
Moreover, assume the following two assertions;

1) I iz 8 non-removable ideal of E.

2) I < ker(f), for some f e AE).
Then, if E is semi-simple with continwous Gel'fand map and &{E) compact,
1)=»2). On the other hand, if AE)< " $(TIU(F)), for any “superalgebra” F of E
(see Preliminaries), then 2)=>1).

Proof. 1)=2): By hypothesis C{A E)) is a "superalgebra” of E, so if | is a
non-removable ideal in E then {I}IEE'{.:?{E)). Hence, T < (1) is contgined in 2
maximal closed (since C(A E)) is Banach) ideal of C{AE)), say M =ker(r),
f e AE) s TM{C{AEY) (ef. [6: p. 221, Corollary 1.2]), so that 1)=2).

Now, 2)=:1) in view of Lemma 5.1, g

In the previous theorem, 1)=2), one can avoid the hypothesis that E is semi-
simple at the expense, however, of taking @(/)cker(f), where
E—2 5 C(AEY), with ¢= r oG (see (4.1))

For convenience, we state the same Theorem 5.1 in the following less
general form. So we have.

Corollary 5.1, Let E be a semi-simple topological algebra with Gel’ fand
map continuous and HE) compact with FAE)g '@(VUF)), for any
“superalgebra” F of E (cf. Lemma 5.1). Then, I is & non-removable ideal of E if,
and only if; I < ker(f), for some f e AE). g :
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Remark 5.2. =In view of the above Remark 5.1, we still note that the

hypothesis of “the previous Corollary 5.1 is fulfilled eg. for any wnital

commutative semi-simple locally m-convex Q-algebra E, having &(E) compact
(with respect to a superalgebra inducing the given topology on E).

6. Characterization of the Silov boundary

On the basis of Theorems 4.1 and 5.1, we now characterize the Silov points
of a suitable topological algebra E as those continuous characters of E whose
kernels consist of topological divisors of zero with respect to the same net m E
This characterization was proved by W. ZELAZKO [11] in the context of Banach
function algebras, _ .

Mow, concerning the definition of a non-removable ideal, by resiricting
ourselves to commuitative units! superalgebras, with ¢ a topological algebra
isomorphism (info) (for which Theorem 3.1 is certamly true, as well), we get at
the following result. (In fact, this restriction is applied to get 2)=1) of the next
theorem).

Theorem 6.1. Let E be a topological algebra with Silov boundary & E) and
 eTT(E). Moreover, assume the following two asserfions:

1) f eAE).

2y The elements of ker() are topological divisors of zero with respect o

the same net (x;},,, in E.

Then, if AE) is compact and E carries the initial topology defined by the
Gel'fand map G, 1)=s2).

On the other hand, if E is & semi-simple topological algebra with continpous
Gel'fand map and S(E) compact, then 2)=1).

Proof. 1)=>2): It results from 2)=1) in Theorem 4.1, by applying an
analogous argument, where now the decreasing sequence of the open neighbour-
hoods considered is not necessarily defimed by some root of the given e A E),

2)=>1): By hypothesis and Thearem 5.1, it suffices to prove that ker(F) is a
non-removable ideal in E (In fact, by Theorem 5.1, one gets ker(f) < ker(g),
with g €A E), so that £ = g; cf. [6: p. 69, Lemma 7.2]): Assuming that ker(f) is
removable, there exist x;, eker(f), i=112,....,nr and z;, i=l...,n, in & ceriain
superalgebra F of E, as above, such that

(6.1) >z =1,
Ju=]
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Multiplying (6.1) by (x, )., . we have

(6.2} X;= % Z.X%, 30
=]
while, by definition, x; # 0. g

Corollary 6.1. Let E be a topological algebra having the initial topology of
its Gel'fand map (equivalently (A, MALLIOS) a umiform with continwous
Gel'fand map [6]), AE} compact and f e T E). Then, the following two
assertions are equivalent:

1) fedE).

2) The elements of ker(F), for £ e T E), are topological divisors of zero
with respect to the same net (x,);,, inE g

An immediate consequence of the previous Corollary 6.1 in conjunction
with Theorem 5.1 (see also the proof 2) = 1) of Theorem 6.1) is the next.

Corollary 6.2. Let E be a uniform algebra with continuous Gel'fand map
and AE) compact such that &(E)<'@(T(F)) (see Theorem 5.1). Then, the
three following assertions are eguivalent:

1) The ideal I < E is non-removable.

2) I c ker(f), for some e AE).

3) The ideal I © E consists of topological divisors of zero with common net
::':‘IJ:I = E. L
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