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AUTOMORPHISMS OF A FINITE P-GROUP

By
Theodoros Exarchakos

The existence of funectilens g(h) fer which [ACG)] Eph
whenever !G!PE p‘gih}, G any finite group, has been the Eub-
ject of reseaech for some time. Ledermann and Neumann have
shown that in the general case (h=1)3 ph—1+h iz one  such
a function [7]. For non-abelian p-groups K.H. HYDE reduced
this to % h(h-3)+3 for h&5 and K+l for hsu [6]1. In this pa-
per we shall improve this result by showing that g(h) =
=-;— n(h-8) for h&12, g(h) = 2h-2 for.hsll and g(h)=h for -
h&5 is such a function, The same technigue can be used to
reduce this even further and get g(h) = % hi{h-b) for BAbLR13
and h@2b-4. There is no reason why this method should not
extend for all b&l4, except that for large values of b the
number of subcases increases censiderably. Finally we pro-
ve that if G has class ¢, then we can take glh) =-;1? hi{h-¢),
where h&c+y3c-6.

Notation: G is alwaye a finite p-group, |G| deno -

tea the order of G, IKIP is the greatest power of p which
divides |K|, 6° = [6,6] is the commutater subgroup of G,Z=
=Z(G) is the center of G. Also we shall take |g—.r| = pmam'l
[E] = pk. Since g—. and ¥ are both finite abelian p-groups,
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P
C . iz eyeclic group of order p“, m1 zmz.“zmt with jil m:.l=
=

-m and k3 & kg2 ... &k_ with 1.21 k,=k. The numbers i e

.o ,pm't' are the invariants of -ge and the numbers ph,pki,

.pk5 ara the invariants of 2. Here t and s are the numbers
of invariants of %;— and Z vespectively. Since G is a fini-
te p-group, G is nilpotent. Let G be of class ¢ and G =Ly =
:FL;:-Lg:h”:'Lcﬂ, 1= ZpcZ1edsc.. .=Ec=3 be the lower and the
upper central series of G where L,=G"=[G,G] and Z,=Z(G) =2 .
If G is non=-abelian then both %: and % o non-cyclic and
L;EZ__; for all i [5]. Denote A(G), I(G), A (G) the groups

ci aptemorphisms, inner automorphisms and central automor =
phisms of G repsectively. Let Hom{(G,H) be the hn-m::nmnrphisms
of G into Hy if H is abelian then Hem(G,H) = Hom { o LH)
G is called a pM-group if it has no non-trivial abel;a'n di-
rect factor., G is of maximal class if la] = pn and e¢=n-1.
The following two theorems will give us a general ex -
pression fer the order of the group of central autmnrphlsms
4.(8) of a pl-group G in terms of the imramants of == G' and
%. In theorem 3 we show that i.ﬂ. (G)| .1::- is a factor of the
arder of the autemorphism group A(G) of G I‘:c is the class
of G). We then use these results to find the beunding fun-

ction g(h) (Theorem 4),

Thearam 1: Let G be a pN-group. If aa,ba ig the mam-

ber of timee p appears in the invariante of = :md' Z res-

pectively, then |4_(G)| = p" where

s - e
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ity
A-m.shz.‘h z-:zt’a:y.l
y=1 r>y

Proof: Let 7 ﬁ] ¢, . with il k.=k then i yb_ =k,
I g . | = 1 ¥
i=1 p i= y=

Similarly if G—_ = c with m.=m then $* x a_=m.
it =1 pmj = ] = .

Since G is a pN-group|a_(G) = |Hom(@,2)| [1], But Z is abelian
Ero o

and sn|l-Ic:m(E,E]|=|Hﬂm [g—:-— s 2N Then | & EG]|=rHﬂm{g—_ 2=

:Fﬂ.ﬂlll {I } i . i Hﬂm{ I: ’ H
j=1 p™°* ,1 P ; )
[ E' tr"ls min(m, .k, ) A
) y .1 le pmln(mj,}c 11 = ip 35 =i for seme &4 (1),

summing powers over mj = 1,2,...,.:|11 we get:

A = sa.-r{iazl:swb.}+a;h|‘i+ll.'Saﬂsvb]-hz}ﬁa{bﬁ?bz}]I o B

= E{-ﬂl+23.2+333+---}1‘{b| )ﬁ; a +?bﬂ )i‘ a +. l-!] b1(2a1+333|..+:

= by (3agttat...)-... = 5 ﬂi xa, + ﬁ yb )g; a
x= e ¥
- vl g gxﬂ =m.s-)f;h ’g“‘aix—yh
)21 y " w ¥ oy 8

Theorem 2: Let @ be as in Theorem i

(L) If msk, then ARmiv, where » = g g wa_
e SRt

+ k x ).
igk_a:

i
(id) I m & ks then A=m.a.

T (Lid) If kySm,, then 4 =kt.

T
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(iw) If m, < ky<my 8k, then A2 mikta-(my+l) & ks

i) y;kikml for gome 1 with 181Se, then A & im +
+t'r-ﬂ-'£'.IIEE£|

Proof: Summing power over mj =1,2,..,m in (1) for

ki = ks""" ky we get.

3 3 a3
= xa_tk, 28+ .t ( xa_+k a_).Thus
z 5wk ¥ x2l " 1H}]{|x
ﬁ?fz xa_tk, Za}+ ki[il:xh 2‘}:&'
:-c:-ki 1= xgl

k.
5
E{zlxa+k Va )tk o' a_ + ' xa_(2)., But
S {= R | ® X o
£ i
k&my and so k il a =3 xa, . Hence k il a +g :-:aH;
ki k1 T

1 -
xa = M.
,gl 5

Putting r =_§2 {E XA -H-: Ei axl we get Aamtr.
I=2 =gl i

(ii) Since mlik we have mjﬁ ks For a1l j=1,25asest -«

Moreover ! a2 = 0 while Z noRa ¥a_ = m. Let -'&i =
.4
i

k.
= E xa, e g a_ for all i=1,2,...48. Then &,=m and
21 *® i

go A = da = Em = WE.
1
- 2B i=
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(11i) Since k; & m, we have ky A m, for all 1=1,2,...,

Moreover a =0 for x<m . Hence 3. = k. ' a =
® t i i g] ®
:

:k.gl i =kt
i x i
Thus A = _ila.:flkt=l:t.
i i
i= 5=
k

(iv) Let .;pi = El *xa +k, ' a_ for i=2,3,....:8.From
n=l .l X "

i

k.
o 1 1 1 -
(2) we get A = i btk at § xa . If § xa =0,
1= kg ® gzl

s 1
then }v:i-e: |:1t and since mt*:lc ,g ale, =la) ¢+5311 On

Ky

k

. 1 v i
the other hand if i a_-= 0, then k, & m, and so 3 xale

k,
3 xzl

Therefore by e 1 for all i=2,3,...,2. Since k&m; we have k=

=m+b for some b20 and so A 2 s-14 g BE W f_; e
3 it

+b 3 a ., Since ¥ a 21 as k; < my and A +
X ; X g b
X ]{| 1 "

+ my g' a, & ’g; Xa, = mwe have A @ s=14mtb = s-l+mtk-
3 4 L

=My = m—+k+E:—Emt+1]'. Sinece g—_ eannot be cyclic, we have m

gmytl and so Agmik+s-(my+l) 2 kes.

(v) Let k, & my and ki+1 < my for some 1. If Ei‘. is as

__defined in {ii) then & = Iil Hﬂ. For ALS8i we have
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k 1 a =0, while f xa = xa = m, 50 that O.,=m .
L *® ® X &
F 1 r o

On the other hand if £ g i+l, then we have

" 1 1 S R
Hirgxﬂx+k§kaxiéiax+;aa-él x_t'
v £
Therefore A B Lila + = B .m+ﬂ t
erelons = = = —
5l v R B B

= im+t(s-1) = B..
{ i

Theorem 3: If G is afinite p-group of class c = 2,

then EAEFGJI.FIE-I ig a factor of |A(G)].

Proof: If G is abelian the result i=s trivial. Assume
is not cyelie and =0

that G is non-abelian, then =

c=1

2'i+1
2.
L

G

= >p for all i=1,2,...,0-2, Where
o=l

zp? and

1 = 3{.-::3,-,=3::Ezc...cﬁc = @ is the upper central series of G.

Hence % Epﬂ_l (1).
since |A_(G)AI(@)| = |2(1(E))] = |3{%}1 = -E-ﬂ-[ a
A (0 . [HE)|  [ALS)] . g
have IH{EHP = IHG{E}.I{GH — H‘:{G}nl 31 o= - ’Ei_l =
7
i G a=1
= @1, || = 18 @1 2 by (.

Remarks: From thecrems 2 and 3 we easily get the fol-

lowing
(a) If k; & m1, but ki
A2°B; = mtt(s-1) and (my-1)(s-1) & k-ki.

= m fDI' Elll 122,3,-“-,.‘}, then
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(b} Since mat we have imtt(s-1) 2 (i-1) m+t (s-i+1)for

all’' 1 with i=2,3,...,8 and =o Bi = Ei

_1'

. 25
(e) If G is a pN-group, then A_(B) 2 p
(d) If @ is any non-abelian p-group of eclass c, then

1

IA(G)1 2 p°'" and if G is'of maximal class then A(6)| 216

Zate=1

If G iz a pN-group then I&{E}IP z b

(e) If G is a pM-group and ¢ 2 n-3, then !MGHP 2 |G|
for s g 2.

Lemma 1: Let ¢ be a non-abelian finite p-group. P

|ﬂ — pd and g ig the number of invariants of 7, then A(G)

has a subgroup. A of outer automowphisms amd |A| 2 1Et.p"dg.
Thig lemma ig an immediate coneequence of lemma 8.5 <in
[71.

Lemma 2: Let @ be a finite p-group of class ¢ 2 8y, If

My i t

i
P 202 +o:.p2p

S Pﬂ?1+m1fc!-1.1

arg the invariants of % » then expd

. In particular if %r hag two invaviants o
EPFH, then exp Z § exp Ec-E'E PM|+m=f£-IJ-3_

Proof: Let G = Lyaby=lga...oL =1 be the lower central
L:—l

series of C. Then pm2 Z exp =1 s exp 'Ez-; p— [2].
Elz IJ! L,.:
Hence exp L, pmt{c-”.ﬂut exp %j— =p™ and so exp G
spml.m;(::*l}‘ Let GE has two invariantﬁ'pml z pmz. Then
Ly . ; m G ||L
4 1 e — - i J.
% is cyelic of order at most p 2 [2]. Hence 7 |L1| L, =
pm‘ﬂm:. Since G has two generators exp -g— = exp L v BE
dad c=1
k k ;
axp Lc—l =p , then exp E =p 5 pmz and since g can~

e=1 c=1
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. 1 k+2
not be cyeclic we get g ‘ = pk+ and seo g z2p .
c-1 a=21 .
Lg- K my{c-3)+k
From sz 2 exp %;. 2 ...2 eXp LG 1=p we get expl, ap g8l
¢
Lp-p G G mp+2my-k-2
But L, § Eﬂ-g and T, T z'.:_-g- 2P .

A
Since cgz 3 we have E’-’;‘EE_E and so expﬁﬁexpzcwz < ]E-E_E expl;

spﬂl]ﬂﬂz{c—l}‘ﬁ-

Lemma 3: ([4]) W. Gaschiits). A finite non - abelian
p-group has a nen-trivial outer automorphism of order a pow

er af p.

Theorem 4: Let G be a finite non-abelian p-group -

If 16l & ngm then IMGJIP = ph, where
h for h & &,
gih) = 2h=2 for h 5 11,
4

3 h (h=-8) for h z 12, h an integer

We divide this theorem into I parts.

Theorem 4a: gfh) =h for h & &.

Proof: If G iz of class two then |A(G)| 5 2 IGl &

ph [3]. We assume therefore that ¢ g 3. By remark d,

1

IMG'.I'IFE p°t, so the only case to consider is e=3, h=5 .

Also we may assume that G Is a PN-group [9]. If |Z| =p,then
by Lemma 3, th{{-'.}lp zp.-1I(G)| 2 |G|l & ph+ So we assume, |Z|
gpz. EE lg—| = p%, by Lemma 2, exp T & I:F_E = p and by Theo-

.S

rem 2, |EE{G}| = P 2 p". Then by Theorem 3, |M'3]|PE
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a

G~

la_(c)] g p*. If

z p’, since 12| 2 pt aﬂdi&ciﬁ}lr
=[Hom fg;.- . %) we pet 14 (G)I2p*,s0 that |A{G}pr’-p“'l 5

=p¥ = Dh- This proves the theorem.

Theorem 4.b: g(h) = 2h-2 for h 5 11.

Proof: Again we may assume that c & 3. Lat |~§-J E pd_

h

2] =p% If d &H-1 then IAGR) | 2 11(E)].p = §|.p 2 B

by Lemma 3. Hence we may assume that 3 S d & h-2 so that k
2g(h)-(h-2) = h, By Lemma 1, mmnpa |;.!s|.|:c|[t3:rlzi=~]'c'5d+'El

zph for 8 = 1. So we take s » 1, Consider the following

CABESR.

A: G is a PN-group: We may assume that XD %ﬂﬂl

L 4

since otherwisze %—n.— Haom( & i) 'z

h

>|Z| which implies RN

2|21 2p". By Theorem 2, if k1 < my then Iﬁﬂ{G}IEPkZPh. If

]ti & m for some I then iﬂﬂl’GH 2 PBi, where B, =im+t(s-1)z

i
EEi-l (Remark b). By Theorem 3 it is enough to show  that

B:.LE h-c+l. Since Ei € By =mtt(s-1) @ m¢t, as s 2 2, we may

assume that mtt+c g Bij+e-15 h 5 11, otherwise we have no -
thing to show. But t 2 2 so that 2 amg 6, 35 cg 7. Con-

gider

m= 2. By Lemma 2 we get exp? s pc_z. Hence a{c-2)
@k 2h. By substituting ¢ = 3,4,5,6,7 we get Biz h-c+l in

all cases,

m= 3. Let t = 2, By Lemma 2, expEﬁp&_l so that s{c-1)
zh. Substituting values of ¢ as before we get B, 2 h-c+l in
all cases. If t = 3 then éxpﬁ < p': (Lemma 2), so that csgzh.
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By substituting values of c.we have By = 33 2 h-c+l in all

Cas3E5.

m= 4, Ift =2then 2gm g 3, mp § 2 0 that by

Lemma 2 expZ S pED-E. Iftz2z3 then ma§ 2, mg = 1 and 50

again expZ g p“ls chag‘ I1f ki{ m, for all L S8 B .. TRPRENY
then (m;=-1){=s-1) & k-k; (Remark a) and so 2(s-1) 2 h-(2c-2),
as my § 3. Hence By g U+2(=s-1) 2 h-c+l. On the other hand
if ki > m; for some i g 2 then Bii By = 2mtt(s-2) 2 4+2s .
Hence Bi 2 h=c+l for ¢ g4, If ¢ =3 then expi § PE:-E = p’*
so that 4s g h g mt+c g 9. Therefore s g 3 and so B.gh+lds

=10 > h=-c+l.

m= 5. If t =2 then 3 £ m; 5 %, mp £ 2 and by Lemma

2, exp & g pi‘:_l. If + & 3 ﬂ_uan m; £ 3, mp 8 2 s0 that expd

= pEC. For ki = m, for some i 2 2 we have Eiiﬂz =2m+t(s=-2)z

> 10 » h=c+l and there is nothing more to show. Otherwise
for k, < m for all 1 = 2,3,...,8 we get (m;=-1)(s-1)gk-k; .

For my = 4, me = 1 and expZ g pm'l (Lemma 2) so that 3(s-1)
= h-{c+l) which implies that EI.l 2 Bi1 2z h-c+l since. h g 11 .
For my § 3 we have 2(s-1} 2 (mp-1){s-1) g h-Z2c and again
B; 2 5+h-2c g h-ctl as ¢ g 4.

m=6. Thenc =3,t =2, h =11, m g 3. HEHEEE_;
is oyelie of -order at most p® and exp Lp & p’® [2]. Then
Lz | & I:.En'_?_‘?f = p . Since Ly § Z we have = z number of in-

variants of L, 2 % . 11 > 3 so that By = m+t{s=-1)z6+2(=z=-1)
=12 > h.

B: G =H X K, where H is abelian of order Fr and K is
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a pi-group. By [91, IHE}IPI 2 pr;IMKJIP- Since |K|=|G|.p"

2  2h-2-r PE(]‘a-r- )-2

P E and h-r < 11, by A: we get iﬁ{l{}lipi

EP‘hvr‘ and seo |A{G1Fpi Pr-ph_r = I:-h. This completes - the

proof of part 4b.
For the last part we shall need,

Lemma 4: Let 8, o, h be positive integerswith hzls

(i) ee 2 % hih-10)+2 impliea 28 3 h-c-1.
(ii) 2sc 3 5 h(h-10)+2 implies 28 g h-c-d.

(ii1) 8a 2 § h(h-10)-22 implies 2s 3 h-c-B. Thisaleo-holds
for 8 = 0.

(fv) da 2 % h(h-10)+8-30 implies Bs » h-o-8.
(v) b8 2 5 h(h-10)-3c implice 28 2 heo-7.
(vi) b5a 2 % h(h-10)-c-1 implies 28 3 h-c-8.

Proof: (i) It is enough to show that h{bh-10)44 2
e¢(h-c-1). This is equivalent to hz-h{c+lﬂ}+;::"+c+uzu which
holds for all h 2 12 except when h = 12, 5 g e g 7.For h=
=12, 58 ¢c 87 we get sc » 14 which gives 2s & h-c=1, as
% is an integer.

(ii) As in (i) it is enough to show that h(h-10)+4 3
2 2e(h-o-4) or equivalently h®-h(2c+10)+2c%+8c+4) 2 0.This
holds for all h z 13 and for h = 12 if ¢ » 6. For h = 12 3
cg J, we get c.2 » 7 go that again since s is an integer,
25 2 h-e-4,

(i1i),(iv),(v) and (vi) ecan be shown in a similar man-

nel*.

Claim 4c: g(h) = -%hth-ﬂ}. h 3 12,
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Proof: G is a pN-group: As m Theorem 4b we maj.l' as-
sume that c 2 3, 3 §d 8 h-2, k EE hih-8)=(h-2) = — hi{h -

40)42 > h. If & § 3 (h-10), k-sd 2 1 (h-10)(h-d)+2 > b-d so

that by Lemma 1, |Alz ph-d. Then IMG)[ z |A|.II(G)] &

;phhd.pd = ph. Hence we take 8 > = lih 11}} z 1. Alsowe may

assume e:-cp% < |12l, since otherwise _'fl. > |8 s that

IHC{G}I = |Hom {‘ET Z2)| =2 12l 2 ph. Now apply Theorem 2.For
ki €< my we get IEE(GH 2 P‘sc+s > ph. For }ri 2 m; for some 1
we get 'IHE{GH z [.'rBi, B, = imdt{a-i) 2 Ei—l (remark b), =0

that by Theerem 3, it is enough to show Ei z h-c+l. If m+c
> 11, Bi-l--::—l > By+e-1 g mic-1+23-2 2 m+o=3+25 > h-1 so that

ii h-c+1. Hence take mtc 5 11, For m = 2, e:-rpzsp { em-
ma 2), so that s(c-2) 2 k2 5 h{h -10)+42. Then By = 23 g h-
~{g=2)-1 = h-c+l by Lemma 4{1}. Form g 3, m; =1, we get
mg = 1 which gives exp 2 £ pc {(Lemma 2), so that c.5 g kK g

:% h(h-10)+2. Then By g 3s g 2s42 & h-c-142 = h-c+lby Lem=

ma 4(i). Below we consider the remaining cases with mtegll,
igcgB, kizama2 3gm 8.

m= 3, Thenmy =2, mg =1, which gives expZ g p':nl

(Lemma 2), so that s(e-1) 2 -;- h({h-10)+2. By Lemma 4(i) (re-
placing e by e-1) we get 2s 2 h-(e-1)=-1 = h-¢. Then B;zl+ls

= h-e+l.
- 20-2
m=4, ThencgT. For t =2, exp 2 8P (Lemma 2
and for t = 3, exp 4 g p‘:ﬂg ng_E. So s{2c-2) g kg

L 1 (h-10)42 and by Lemma 4(ii) 2s 2 h-(e-1)-4 = h-c-3. If
&

k; gz m for some iz 2, then By 3 Ba = 2mtt(s-2) 2 His g
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gh=e+l. On the other hand if ki < m for all 1 g 2, by re-
mark a, (m-1)(s-1) & k~k;. Since m; g 3, 2(=-1) 2 k-k; 2

2 5 h(h-10)42-(2¢-2) = % h(h=10)44-2c 2 h44-2c. So. By 3

& 4+2(s-1) 2 h+8-2c » h-c+l as c § 7.

m= 5. Then cg 6., For t= 2, expZ 3 p?c-l and for

t &3, expZ g p?c (Lemma 2). So 2cs 2 % h{h=10)+2 and by
Lemma 4(ii), 28 2 h-o-4, IF k. 2 m for some { g 2 then
Bi & Bz = 2m+t(s-2) 2 6428 > h-c+l. On the othep handif’kii
<m for all 13 2, (m-1Ms5-1) = k-k; (Remark a). Let my =4
Then expl £ pc+1 so that 3(s-1) = (m1-1) (=-1) 2 k-k; 2

2% 1(h-10)42-(c+1). Hence 3(s-2) 2 2 h(n-10)-2-c 2 S h(h -

=10)+1=2c as ¢ 2 3 and = & 2. Then by Lemma u(iii), 2(s-2)
2h=c=6 or 2(s-1) 3 h-c-4 and so B, 2 5+2(s-1) = h-c+l, Fop
m g 3, 2(s-1) —g_j h(h-10)+2-2¢ 2 h+2-2¢ so that B;z5+2(s-1)
& h#7=2e 3 h-c+l as ¢ g 6, Observe that for m 26 if }: =my
for scme i z 2, then B, € Bx = Imtt(=2-2) 2 2m#+2s-4 > Em~u +
+(h=-10) 2 h-c+l, Thevefnre, in the remaining cases we shall
make the further assumption ki < m for all i 3 2. This by
remark a, gives (mp-1)(s-1) 3 k-k;.

E—E.L Then [ '5 M rf_'lr' t z .3-1 mj i. I} = ExPZﬁPED-'-l
(Lemma 2) -or k; § 2c+l. Hence 3(s-1) z (my-1)(=s-1) 2 %-h(h—

~10)+2-(2e+1) 2 h+l-2¢c and therefore B; = m+t(s-1) 2 B+3ls-
-1} 2 h#7-2¢ g h-c+l as ¢ § 5. Next take t = 2. For my = 5,

expl § Pc+?

» K1 § +2 and we get 4(s-1) 2 3 h(h-10)42-(c+2)
= i,l- h(h-10)-c. So By 2 6+2(5-1) 2 & + - h(h-10) - £ 2 hretl

For my = 4, expZ g I:F?':l (Lemma 2), k; § 2¢ so 3(s~1) 2({m-1),
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(s-1) 2 3 h(h-10)42-2¢. Then By & 6+2(s-1) 2 6 + + h(h-
-10) + % - :i;- c gh-c+l as c g 5. Form; = 3, epxZ 5 P31:-Ej

ki & 3c-2 so 2(s-1) 3 % h(h=10)+2-(36-2) =% h(h-10)+4-3c.

Then By & 6+42(s-1) 2 h-c+l except the case h- = 12, ¢ = 5 .
In this case, since s g 2 we get By = m¢t(s-1) & Y425 g 8=

= h=-c+l.

m= 7, Then c g 4. For t:23, m 3 5 and expﬂﬁpaﬂ
(Lemma 2), so that ky § 3c. This gives 4({s-1) 2 (m-1)(s-1)

ek-k1 2 El h{h=-10)42-3¢c and by Lemma 4{iv}, 2(s-1) 2 h-c-6.

Then By 2 m+3{==1) 2 T+h-c-6 = h-c+l. HNext let t = 2. For

3

m =6, expZ £ p° s k1 g c+3 and so 5(s-1) = (m-1)(s-1)2

2 % n(b-10)42-(ct3) = L h(h-10)-1. Then by Lemma 4(vi)
2{s-1) 2 h-c-§ and so B; 2 7+2(=-1) 2 h-c+l. For m; s &

expl § paﬂ_l, K1 & Be-1 so that 4(s-1) 2 é h{h-10) + 3=3c

and by Lemma 4(iv}, 2(s-1) z h-c-6. Then By z T+2{s-1) g
2 h-otl.

+1

m= 8, Then c = 3. For t 23, expi g Pac s K13

g dc+l so that since my § 6 we get 5(=-1) z (m-1}(=s-1)g

25 h(h-10)42-(3¢+1) = 2 h(h-10)+1-3c and by Lemma 4(v) ,
2{s~1) 2 h-c=7 which gives By 2 B+2{=-1) 2 h-c+l. Next ta-

ke t = 2. Since ¢ =3 we have Ly § Z. But my § 4 =o i
Lig

is eyclic of order at most p' 2 g p' and exply g p 2 [2] .

¥h(h-8)-12
F

Then |Lz2l| Z and so s z number of invariants

of Lz 2 ‘&* (% hi{h-8)-12) = -Jai hi{h-B)=-3. Hence B; 2 6+2z 2
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26 + = h(h-8)-6 = ¢ h(h-8) & h > h-c+l, This proves  the

first part.

G =H X K, where H is abelian Einrd&rprg_ﬂiﬁi.g_a

pH-group. Then K has the same class as G and IMGHPE
;p‘“.lamlp [3]. If we veplace g(h) and h by g(h)-r and

h=r (r = positive integer) respectively in the first part,
the proof remains the same. Applying this to K, sinece |K|=

- l6l.p " 3 Pg{h}'-r

=L

ve get 14001 32 5P and 86 A 2

r h
epP P
By exactly the same method one can prove the following

= ph. Thie completes the proof.

extenzion.

Theorem 4c”. gih) = % hih=b) for h,bintegerswith
0sbg 13, h 2 2b-4.

There 1g no reason why this method should not work for
all b z 14, except that for large values of b the mmber
of subcases increases congiderable.

The special case b = ¢ ig covered by Theorem &  for
which we need the following.

Lemma 5. Let h g ar3o-8. Then

(£) hih-c=8)+4 z (c=8)(h=-ctl).
(i) hih-c-2}+4 z (o-1)(h-c), provided h,c are integersand

a 238, h g8,

Proof: (i) (h-c)? 2 3c-6 is eguivalent to h{h-c=2)+
+4 2 (e-2)(h-e+l).

(ii) Observe that for ¢c =3, h g6 and for ¢ = 4 hz7,
2o that (ii) holds for ¢ g 4. For e 2 5, vac-6 < o-2, =0
that (h-c)*-(h-¢) > (3c-6)-(c-2) = 2c-4. Then h(h-c-2) +
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+ h=c(h=c)+c 2 2c=u, which gives the result.

Theorem 5: [et & be a finite non-gbelian p-group of

olass . If 161 2 P77 then lAt’G’JIp;ph. where g(h) =5 h(h-c)
for any integer h with k g e + v3e-6.

Proof: G is a pH-Erv::nup: Az in Theorem 4 wWe assume

cz3,35dgh2, k ;— h{h-e)-{h-2) = = h{h-:~:~)+9. Also

if ¢ = 3 we take h g E, otherwise the result follows Theo -
rem %a., Observe that 3 h(huc-s}ﬂ a‘ﬂ-—c-lrl. In fact for ogh
this follows from Lemma 5(i}. For ¢ = 3, 5 h{h-c-?}+i‘ =

= % h{h=-5)+2 = h-2 since h £ 6. Hence k g h-c+l. Let E (h -
-g-2) 2.8 g 1. Then k-ad 2 -é— (h-c-2)(h=d)+2 2 h-d, so that
by Lemma 1, Mllzph'_d. Therafore IMGH = Al 1I(G) 2

Eph'd . [:h. Bo, take s 2 3 L (h-e-1). For exp o il 3

G~
1%2| > 121 ana so 1A (&) = [Hom (5= ,23| 2121 2 pr ot
Then by Theorem 3, kR{G}ng ph c+1p': L= ph. Next  take

exp %-S[E]ami apply Thegrem 2. For ki < my, lhc:m” = p]'”ﬂ »

. ph_{:ﬂ' and so I&{Gllpz ph {Theorem 3)}. For k1 2 m g
IAEEGJI z pEI (Theorem 2), where B; = mtt(s-1). By Thecrem
3, it is enough to show that By z h-c+l. Ferm g 4, E1 =

= mit{s=-1) 2 2+28 2 h-c+l, the only cases left are m=2,m=3

For m = 2, expZ & Pc—i (Lemma 2), so that slc-2) & k. Then
2a(e=2) 2 hih-c-2)44 Z (c-2)(h-c+1), by Lemma 5(1). Hence
By = 2a 2 h-c+l, Next m = 3. If t = 2 then expZ g pc-l ( Lem-
ma 2) and so s(c-1) 2 k, which gives 2s(e-1) g h(h-c-2)+h 2
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2le-1){h-c) by Lemma 5(ii). Then By 2 1428 2 h-e+l. If t=
=3 then expZ g pﬂ (Lemma 2) so that 2cs 2 h{h-c-2)+4. From
h-c 2 v3c-6 and h 26 for c=3 we get h-c 2 3. For h-c =3,
32v3c-6 gives ¢ £ 5. Then 2Zes 2 h{h=-c-2)44 = h+lt = c47 > 2¢
forcez s»1. For h-¢ > 3 we get 5 > 1 as s z;% (h=c=1).The=
refore By = 35 2 2+25 2 h-c+l.

G =H X K, where H is abelian of order p* and K is a

pN-group. Then K has class ¢ and [A(G)] 3 pr.lﬂik]lp [a].
Observe that we can replace g(h) and h by g{h)-r and h-v
respectively in the first part, and the proof will remain
the same. 5o applying this to K, since |K| = IGI.pﬁra

glhl=r h~p

2P » 14001, 2 277 Thus 1a(6) | 2 pT.p" T = p" and

the proof is complete.
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