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Abstract.

In this- paper semi convergence and semi open sets  are
used to define and invesatigate the s-weakly Hausdorff separa-
tion axiom. Characterizations of s-weakly Hausdorff  spaces
are given and the relationships between this new separation

axiom and other separation axioms are investigated.

1. Introduction.

Semi open sets were first introduced and inwestigated in
1963 |5|. In 1975 semi-Ti, i=0,1;2, and s-regular dpaces were
defined in [8] and |6] ,respectively, by replacing the word
open in the definitions of Ti, i=0,1,2, and regular by semi
open, respectively, and it was shown that semi-Ti is strict-
ly weaker than Ti, i=0,1,2, semi-Ti implies semi-Ti- 1,i=1,2,
and s-regular is strictly weaker than regular. Listed below

are other definitions and theorems that will be utilized in
this paper.
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Definition . 1.1. If (X,T) is a space and A <¥, then
A ig semi open, denoted by A&S0(X,T), iff there exists 0ET
such 0<4=d [5.

Definition 1.2. Let [X¥,T) be a space and let A,B<X.
Then A is seml closed iff X-A is semi open and the semi clo-
sure of B, denoted by scl B, is the intersection of all semi

closed sets containing B [ .

Definition 1.3. Let (X,T) be a space and let R be
the equivalence relation on X defined by By iff =} = -'[?}_ .
Then the Tﬂ—iﬂentificaticm space of (X,T) is {HG'ED}’ where
X"'J' is the set of equivalence classes of R and S, is the de-

composition topology on Xy which is TI.'.'I [11] .

Definition 1.4. A met {x } ., seml converges toxin
a space (X,T) ;dencted hﬁ%&x,iﬁf ['Hc:}uE:ﬁ is eventually in eve-
ry semi open set containing x. If {x } ., is a net in (X,T),
et § uim {x } o = {xex| {x} ., ¥ I2.

Definition 1.5. A space (X,T) is weakly Hausdorff

iff {xf = {yJ, whenever there exists a net converging to both
¥ and ¥ {l-l] .

Definition 1.6. A space (X,T) iss-weakly Hausdorff
iff E}: = {y}, whenever there exists a net semi comarging to
both x and y.

Definition 1.7. & spaece (X,T) is Elemi-Rl iff for
%,¥ € X such that scl {x} # scl {y} there exist disjoint semi
open sets U and V such that scl {x}<U and scl {yleVv [2].

Definition 1.8. A space (X,T) is semi-ﬂﬂ iff for
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each 0€50(X,T) and each x€0, scl {x}<0 [7].

Definition 1.9. A subset A& of a space (X,T) is an
ag-get 1ff A CInt{Int(A)) ['E.l] :

Definition 1.10. A spaece (¥,T) is extremely discon
nected iff for each 0ET, DET [11].

Theorem 1.1. If A i an a-set in a space (X,T) and
Ueso(x,T), then UNAESOX, T |g].

Theorem 1.2. If (X,T) i8 a space, A Y X,and AGSO(X,T),
then A€ SO(Y,Ty) [5] .

Theorem 1.3. The natural map PB:(X,T)+ fIﬂ,Sﬂ}.i'ﬂ o=

tinuous, elosed open, and P='(P[0)) = 0 for all 06T [3.

Theorem 1.4. For each add let f.&'ﬂ,i"ﬂi be a space
and let ¢ # 4 < X, such that A, = X except for  finitely

many a§A. Then []4 esor[1x , P), where P denctes the
e 45} acA
product topology om l’]xﬁ, 1 A €500k ,T ) for all agd

[10]. k4

2, Characterizations.

Theorem 2.1. The following are equivalent: (a)(X,T)
te e-weakly Hausdorff, (b) if {x_} ., ie a semi convergent

net in X, then 5 Iim {:-:a} CS;}; for some x& X, where C_ ia

the equivalence olass of fﬂmmiﬂing 2, (e) if 2,4 € X auch
that {e].# Tyl, then there extat disjoint semi cpen sete U
and V such that z6U and yeV, (d) if =,y € X such that (=} #
# {yl, then there exiast disjoint cpen sete U and Veuoh that

Tl C0 and TyTCV, (e} for each x€X, Txl = N sal A,vhere
A&l
&£
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0, = {acx|{zlca ¢ s0(x,1)}, (f) for each a-set ¥, (¥,1y)is
g-weakly Hauadorff,aand (g) (Xps8,) t8 e-weakly Hausdorfyf.

Proof. It follows immediately from the definition that
(a) implies (b).

(b) implies (c): Assume there exist x,y € X such that [xI#
# 1y} and if U,V @ SO(X,T) such that x € U and y € V, then
Un¥ # 4. Then x2y. Let D = {0 € T| %,y € §} and let > be the
binary operation on D defined by Gy >02 iff 0;C0,, Let 0,
Oz € D, Then x,v € 0N 02 =C, for suppose not. If x € C,then
¥ € X-C, where C and X-C are disjoint semi open sets, which
iz a contradiction, Thus x # C and by a similar argument y#C
but then x € (01-C) V{x} € 50(X,7) and y & (02-C) v {yleso(x,T),
which is a contradiction. Thus x,y € 01N0z, which implies
01N 0z € D, Hence (D,?) is a directed set, For each 0D let
xp € 0, Let U € SO0(X,T) such that ¥ € U. Let V € T such that
VCUCV. Then y @ V and V € D such that if ¥ € D and W>V ,
3y

then x; € U, which implies {xo} . 3 x. Similarly {x0}gep

and x,y € C, for some z € X, but then TxF = TyT , which is
a contradiction.
(c) implies (d): The straightforward pooof is omitted,
(d) implies (e): Let % € X. Let y £ {xJ. Then I{xf # 1y}
and there exist disjoint open sets U and V such that %20 and
y € V. Then VU {y}, Uulx} € S0(X,T) and zcl{Uu{xl}CX -

- {(Vuwiy}), which implies vy 8 M scl A,
ABQ
x
(e) implies (f): Let Y be an a-set and le't.{xu}qﬂﬂ be a net
in ¥ semi converging to both x,v € Y using the relative to -

poelogy on Y. Then I:-:F.f = {y} s for suppose not, say x § {j.rlf.
Then x # EIH and there exists 0 A Gy duch that x @ EﬂlHﬂ .
By -Thecrem 1.1 U:Yﬂix-sclxn:l, V=YNo & so(X,T) andby Theo-

rem 1.2, U,V € Eﬂ{Y,TT}, but then U and ¥ are disjoint semi



16 Ch. MORSET

open sets in Y containing x and y, respectively, which is a
contradiection. Hence, {T,T?J is s=-weakly Hausdorff.

(£} implies (g): Sinee X is an a-set, then (X,T) iz s-
weakly Hausdorff. For each z € X let Cz be the equivalence
class of R containing z. Let C ’EF € Xp such that TE;TiTE;T
Then C # E , which implies {xT # IyJ. Thus there exist
disjclnt npen sets U and V in X such that x € U and y 2 ¥
Since P:(X,T) =+ {HU,SGJ is continuwous, clesed, open, and
P<Y{P(0D)) = 0 for all 0 € T, then P(U) and P(V) are disjoint
open sets in Kﬂ, Ex e P(U) = P(U), and EF g P(VJ=P(V) /Hence,
by the arguments abowve, EHD,SGJ iz s-weakly Hausdorff.

(g) implies (a): For each z € X let C_ be the equivalen
ce class of R containing z. Let x,¥ € X such that =T # T?T;
Than EiTET or y £ {x}, s=ay x € {yJ. Since f is olosed,
then {C T € P({yJ} and since e, NlyJ = ¢, then c, # T'E';Fand
TE;T 7 CJJIr .-Then there. exist disjoint semi open sets Uand
V in Eﬂ such that Ex @ Wand C € V., Since f is continuous
and open, then P=}(U)} and P~1(V) are disjoint semi open sets
in ¥ contalning x and y, respectively. Thus, by the arpu-
ments abowve, (X,T) is s-weakly Hausdorff.

Theorem 2.2. If (X,T) ie s-weakly Hausdorff and T,:}'
then (X,T) is semi-T,.
Proof. If x,y € X such that x#y, then {xI # {yJand
there exist disjoint semi open sets containing x and y, re-

spectively, which implies (X,T) is semi-T,.

Theorem 2.3. Every asmi-if’z space 12 g-weakly Haus-
dorff.
The etraightforuard procf is omitted.
Combining the resulte above yield the following corol-
Lary.
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Corollary 2.1. 4 space is s-uweakly Hausdorff iff
ita Tﬂ-ideritifimt?im gpace ig -E#.i'rrf.-TE.

Since the natural map P:(X,T) + (Xj,5,) hae auch etrong
properties, many queetions about s-weakly Hausdorff speaces
can be reduced to questions about semi-T, spaces.

By Theorem 2.1 (g), if (X,T) is s-weakly Hausdorff, then
the continucug, closed, open image r’Iﬂ,SE.J ig s-weakly Haus-
dorff. The following example showe that the contimuous elo-
aed, open image of a s-weakly Hausdorff space need not be 8-
weakly Hausdorfyf.

Example 2.1. Let ¥={a,b,c,d}, Y={e,f}, T={X,¢,{a,bl,
{d},{a,b,d}}, 8= {¥,d,{e}}, and let f={(a,=},(b,e),(d,e} ,
(c,f)}. Then f is a continuous, closed, cpen fumction from
the s-weakly Hausdorff space (X,T) onto the non s-weakly
Hausdorff space (Y,5).

Since every open set is an g-set, then a-set in Theo =
rem 2.1 (f) can be replaced by open. The space (X,T) in Exam
ple 2.1 can be used to show that a-set in Theorem 2.1 (f)
can not be replaced by clesed and semi open and toshow that

the econverse of Theorem 2.3 is false.

3. Product Spaces and Other Separation Axioms.

Theorem 3.1. If r;rﬂ, TﬁJ i8 g-weakly Hausdorff for

all a € A, then ( ﬂrﬂ,m is s-weakly Hausdovff, where P de
aed
notee the produet topology om X = ]_[f-!l'a.
A

Proof. Let x,y € X such that Ixf # Tv¥}. Sinee [xF =
= ” Tx T and ‘{}T = n :|:,f E, then there exiszts EE€ A such
aeh aBh

that Tx;] :'{yﬁ}. Let Uy and Vg be disjoint seml open sets

in I-'.'E containing g and Vg respectively. For each ow#¥ B let
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U =X =V . Then ” u.., H V are disjoint semi apensets
a o o 1 o

A e h
in X containing x and y, respectively.

The following example shows that the converse of Theo -
rem 3.1 is false.

Exanple 3.1. Let X = {a,b,e}, ¥ = (0,1), T= {X,¢,{al},
{a,b},{e},{a,c}}, and S be the usual topology on Y.Then (X,T)
is not s-weakly Hausdorff and (XX Y,P) is s-weakly Hausdorff.

Theorem 3.2. Fvery e-regular space is g-weakly Haus-

dorfyf.

Theorem 3.3. Every gemi-R, space ie s-weakly Haus -
dorfy.

The proofs for the'two theorems above follow  directly
from definitions and Theorem 2.1 (c) and are omitted.

Example 3.1 can be used to show that the coomverse of
Theorem 3.2 is false. The set € = {b} XY is closed in X x Y,
x = (a, %] € C, and there does not exist disjoint semi open
sets containing x and C, respectively.

The following example shows that the conwverse of Theo -
rem 3.3 is false.

Example 3.2. Let N denote the natural numbers and let
T be the usual topelogy on N. Then (BN,W), the Stone - Cech
compactification of (N,T), is extremely disconnected and econ
tains non isolated points [11]. Let x be a non isolated point
of BN and let y & BN. Then

s=1d0ewWxgolufoulylxeoew}is a topology on

Y = BN U {y} and (¥,5) is regular, which implies (¥,5) is s-
weakly Hausdorff. Since scli{z} = {x} # {y} = scliy} and there
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does not exist disjoint semi open sets containing x and vy,
respectively, then (Y,5) is not semi—Rl,
Example 3.2 shows that TD in Theorem 2.2 can not be re-
placed by semi—TG or sem'_-':l'l.
The next theorem follows directly from definitions and

the fact that every seml convergent net is convergent.

Theorem 3.4. Every weakly Hauedorff space ig s-ueakly
Hauadorff, :

Since every T, epace ig weakly Hausdorff, then every T,
space iz g-weakly Hauedorff. The space (X,T) in Example 2.1
shows that a s=weakly Hausdorff space need not be Ty or weak-
Ly Hausdorff.

Theorem 3.5. Every e-weakly Hausdorffepace 15 ugmi—}?ﬂ.
The straightforvard proof ig omitted.
The next example shows that the comverse of Theorem

3.5 i8 false.

Example 3.3. Let X be an infinite set and 1et T be
the finite complement topology on x%. Then (X,T) is 5&1’1:1**[&0
and not s-weakly Hausdorff. :

The space (X,T) in Example 2.1 can bec pombined with
Example 3.3 to show that each of T.i. arid semi-—Ti, i=0,1, is
independent of s-weakly Hausdorff.
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