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Abstract

We show that the problem of computing an individial
term of the determinant of a matrix with entries multiva -
riate pelynomials is § -complete, and, therefore, it is
possible that it cannot be solved in polynomial time even
in the unlikely event that § = N°J.0ur proof also suggests
a new probabilistic algorithm for Hamilton's problem.
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1. Introduction.

Symbolic manipulation is the area of computational ma-
thematics which deals with the formal mandpulation of multd
variate rational functions (e.g., factorization of polyno -
mials, partial fraction deccmposition, ete.); symboliec in -
tegration of functiens; automated solution of algebraic and
differential equations (in clozed form); automatic manipu -
lation and conversion of special functions; automatic expamn
sion in Taylor series, etc, It is emphasized that the re-
sults sought are symbolic,not numerical. For example,  the

output of the symbolic integration of the function

w* .sinlx)

is the function
Zx.sin{x )1+ 2=x%) . cos(x)

Among the most ambitious and rigorous projects in sym-
bolic manipulation iz the program MACSYMA [7]. For an over-
view of the ocutstanding successes and future challenges in
this field see [B8]. In that paper it was pointed out that
one of the most prominent unsolved problems in the area is
the task of computing efficiently the determinant of a ma-
trix whose entries are polynomials in many variables.

The determinant of an n*n numerical matrix canbe comr
puted in 0{n’ ) steps by Gaussian elimination [2]. The same
method can be used when the entries are univariate polyno -
mials. However, when the number of wvariables is large = e.E.,
comparable to n - then this methed cannoct be applied affi -
ciently, because the intermediate results can be enormous.

Recently Zippal [13] discovered an efficient probabi -
listie algorithm for computing such determinants. To under—
stand his idea, suppose that we simply wish to determine

e . i e e i e e ' =
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whether a multivariate determinant is identically 0 or not.

A& strikingly simple idea is the following:We substitute "ramr
dom" integer values for the variables, Now the matrix is mr
merical, and we can compute the determinant by Gaussian e-

limination. If the result is not 0, then we have éur answenr:
the determinant is not identiecally 0. If, however, the re-
sult is 0, the determinant may or may not be identically 0.

It is intuitively eclear, however, that if we repeat this ex-
periment and the result always comes out 0, then most proba
bly the determinant is identically 0. Zippel proved Trigo-
rously that if the "random" values are integers in the In -

terval [-vdn/€,vdn/€] - where v is the number of variables,

d beunds frem abeve the degree of any variable and €>0 -

tHen the probability of error in one experiment is below E.
Zippel's method can be extended to compute the determinant
{again, with negligible probability of errver) in a number
of steps that grows as a peolynomial in n,v and t, where n
and v are as above and t i= the number of terms (i.e., mo -
nomials) in the determinant.

This excellent result, however, leaves open another in-
teresting question. Suppose that we have a matrix with mul-
tivariate polynomial cecefficients, and we wish to compute,
not the whole determinant, but a single term of it - far
example, the coefficient of x?yTzlwt" in the determinant.Can
we do this efficiently? In this paper we show that it iz ve-
ry unlikely that an efficient algorithm for doing this ex-
ists, even in the relatively aimple case in which the en-
tries of the matrices are 0, 1 or individual indeterminates
such as x,y, and z.

We prove this result based on the theory of computatic
nal complexity (see [6], [61, [1), [3], [10], [11]). For a
long time ressarchers had identified certain common comput-
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ational tasks which appeared to require an exponential -
in the size of the input - amount of time, Such problems
originated from a number of areas of mathematies, such as
number theory, logic, operations research and combinato -
ries. Examples of such problems are

(a) the problem of finding out whether a Boolean for-
mula is satisfiable, i.e., can be made true by some truth
assignment.

(b) the traveling salesman problem, i.e., finding the
shortest way of visiting a set of n cities,where the distan-
ce between any two cities is given [10].

(e) the problem of solving Diocphantine quadratic equa

tions with two unknowns.

—+td)Hamitton's problem—[10}—In—this probvlemwe are——— —
given a directed graph G = (V,E) - a finite set V of no:.-
des and a set of edges C=EVx V - and two distinguished ver-
tices =,tEV. We are asked whether there is a path in G
from s to t that visits each node of V exactly once.

(e) over 300 other problems (see [3],[10]).

Bacent advances in computational complexity showed
that these problems are all equivalent in the sense that
if one of them has a polynomial-time algorithm for its so-
lutien, then all of them have. Such preblems are called
Jpw—ﬂﬁmPlEtE“ see Section 2 and the references for the pre-
cise definition - and are widely believed to be all compu-
tationally intractable,

In this paper we point out an interesting connection
between the theory of N'T-completeness and symbolic eva -
luation. In particular, we show that the preblem of com -
puting a specific coefficient of a multivariate determin-
ant  is at least as hard as that of counting the number of
hamilton paths in a graph. Since Hamilton's problem simp-
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ly asks whether such a path exists, the counting wersion

is even harder than this N'§ -complete problem! Valiant
uses the term J -complete (which stands for "number or
"enumeration" -complete) for such preblems [11] (see the

next Section for formal definitions). Valiant proves that
all known N'J-complete problems have "enumeration versions"
that are & -complete. An impressive result by Valiant is
that the problem of computing the permanent of a 0-1 mat-
rix is such a problem. This result is important because it
shows that there exist polynomial problems, namely the bi-
partie matching problem [10], which have ¢ -complete enu-
meration versions. (Counting the number of complete bipar-
tie matchings in a bipartite graph is easily seen tobe-equi
valent to computing the permanent of the adjacency matrix
of the graph). In fact, Valiant has pointed ocut that the
intractability of the symbélic evaluation of determinants
can be shown using his result about the permanent [12].0ur
proof, however, is direct, independently discovered, and

gives an interesting insight in Hamilton's preblem as well

2. Definitions form Complexity Theory.

For definitions of Turing machines see [1], f6]. Let
I be an alphabet adequate for the enceding of combinatori-
al objects - the details of such encodings are as usual
uninteresting and inconsequential (see [1], [3], [107). A
recognition problem is a function £ from I* to {0,1} (E*
denctes the set of strings of symbols in I). A recognition
problem is said to be in the class N°F if there exists a
nondeterministic Turing machine M and an integer d»0 such
that M on Input »€X* has an aceepting computation of langth
|:l:|':i or less iff f(x)= 1, A counting preblem is a function
C from I* to the set of natural numbers. A counting problem
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is said to be in the clagss T if there exists a nondeter-
ministic Turing machine M and an integer 4>0 such thatMon
input x€X* has exactly C{x) accepting computations of length
|:-:|':1 or less (here by |x| we dencte the lemgth of the
atring x).

A transformation T from a recognition problem f to anc-
ther g (resp. counting problem C to another D} is a func -
tion T from I* to I* such that (1) T can be computed by a
deterministic Turing machine in polynomial time, and (2}

for each »€EL* we have
f(x) = g(T(x))(resp.C(X) = D{T(x))]).

A recognition preblem £ is said to be N'§-complete if
- (a) feNT T
{b) Each problem g EN'Jis transformable to f.
4 counting problem C is said to be §-complete if
(a) ce T
(b) EBach problem DE J is transformable to C.
For example,; the satisfability problem, the traveling

salesman problem, quadratic Diophantine equations, and Ha-
milton's problem are all N'P-complete. The problem of com
puting the permanent of a 0-1 matrix, and that of counting
the number of Hamilton paths from a node = to another t in
a graph G are § ~complete. In the next Section we  show
that the problem of computing the coefficient of a speci -
fie term in a multivariate determinant iz §-complete.

3. The Main Result

We now formulate the multivariate determinant problem
as a counting preblem D.LetE be a functionwhich encodes multi

variate matrices and monic monomials as strings in I*.Then
D is defined to be the function such that for any nxn ma-
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trix M with entries equal to 0,1, or xj for 4=1,...,v, and

d
each term T :]1;1':1 :I-tj], we hawve

D(E{M,T) = c+n!

where ¢ is the coefficient of 1 in the determinant of M.The
addition of n! in the definition of D is necessary because
¢ can be negative. For all x that are not encodings of such
M and 1t we let by convention D{x)=1.

This section is dedicated to the proof of the follow-

ing:
Theorem.1. 0 i8 § -complete.

Proof. We first show that DE § by designinga non
deterministic TurinE_E§china T which computes.D. This is

easy to do. T starts by checking whether its input x is of
the form E(M,t); if not, T halts (a total of 1 = Dfx)
halting computations). Otherwise, T nondeterministically
chooses a permutation nm of 1,2,...,0 - where M is nxn- and
Tests whether ﬂ? M. .« ®=t1 If it i=s +t, then T bran -
=1 "j,xli)

ches once and halts, adding 2 to the count ef acecepting com-
putations. If it is -t, then T diverges, adding 0. If it
iz neither, then T halts adding 1. It follows that T has
n! + ¢ accepting computations of lenth at most led,fbr so0-
me appropriate d>{.

We now have to show that all counting probleme in g
are polynomially transformable to D, It suffices to  show
how to transform to D the known T -complete problem of
counting the Hamilton circults of a directed graph. Given
a directed graph G=(V,E) and two nodes s,t € V we shall
show how to construct a matrix M aof 0's, 1's and indeter -
minates, and a term t, such that the number of Hamilton
paths from s to t in G equals the coefficient of 1 im det(M)

In the end of the proof we sketch the modifications needed
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for accommodating the definition of D above, in which the
coefficient is inereased by n!

Let us assume without loss of generality that |V] is
odd. From G=(V,E),=,t we first construct a labeled direc -
tad graph G‘-(?‘,ET!L}, that is, a directed graph (V', E')
and a mapping L from E' to V, as follows

(1) v = {s,t}u(v-{s,t}) = {1,2,...,IVI-2]

(2) E' =={(s,{v,1)):vEV=-{s,t},(5,v) EEJU {{{v,IVI-2],
t):veEV-{s,t},(v,t)EE} U {({u,j),{v,j+1):u,vE V-
{s,t},(u,v)EE, 1<) < IVI-3}U {(t,8)].

(3) Li(u,v)=8 if u=s,t if u=t, and w if u=(w,i).

An illustration of the construction is shown in Figu-

re 1.

lumns indexed by the elements of V', such that the (u,v)-th
entry of M(3') i= the variable L#u,v)) whenever {(u,v}E€E",
and 0 otherwise. Then the matrix M and the term 7 can be

defined as follows:
M= M{G")+I

T = v

m
vEY
{see Figure lc). Notice that we treat the wvertices of G as
indeterminates.

We claim that the number of Hamilton paths from s to
t in G equals the coefficient of 1 in det(M). (s ,wv1 ,v2,..
+,v|ui_?,t} is a Hamilton path in G iff (=,(v;,1),(vz,2),.

“‘{va|—2’|“|"zj’t] is a cycle iIn G' and the ?3 s are all
distinct; furthermore there are noe other cycles in G'.Hen-
ce there iz A one-to-one correspondence between  Hamilton
paths from 8 to t in G and such cycles in G'.

It follows directly from the construction of M that

any moncmial in det(M) different firom 1 will be of the form
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Elit.ﬂ.].;rl__lz vj’ whera {sgfw,1}“..1.(1"“[_2.,”"2},’5} is a

path in G. All these monomials will have coefficient +1,
because |V| was taken to be odd. Thus there is a one-to-one
correspondence between monomials equal to v and cycles of
Iv|_21|‘-"!-2}.1:} in G', where all
‘l.rj's are distinct; that is, Hamilton paths in G.This com -

the form (s,(v;,1),...,(¥

plates the proof of the eclaim.

Finally, to accommodate our definition of D, we First
note that the Hamilton path problem, remains J-complete
even though the graph is restricted to have at least one
given Hamilton path (see [9]). To complete the proof, we
simply label one of the arcs of G that correspend te  the

— —distinguished Hamitton pathy by |V ivny dinsteadof - —— — — —— —

We finally note that our reduction raises the follow-
ing question about Hamilton's problem: Let G=(V,E) be a
directed graph. Consider the set E(G)of all Eulerian graphs
G=|:‘-’E,EE} such that:

(a) EE is a multiset of edges from E, and

(b) IEEI = |V].

Let T(g), the set of patterns of G, be defined as fol-
lows:

vl

Tic) = {{d; ;.. JEN '': for some GEEE{G}

)y
the in-degree of f.r_j in G, is d]. B puCEeal &

From the proof of Theorem 1 and Zippel's algorithm,we
have the following result:

Corollary. There ie a probabilistie algorithm [4]
For oownting the Hamilion eireuite of any direoted graph G
which rune in peolynomial time in the eize of Cand 1§ (01

It remains an open question whether there are intere -
sting classes of directed graphs which have a polynomially
bounded number of patterns,
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