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Abstract : It is shown that the cardinality of three
different sets of permutations is equal to the numbers of
Fibonacci.

1. Introduction

it S, & the set of al pemutations of
[l = {1.2...n} then each element of S_ Is denoted by
o = g(1)o(2)...a(n).

A pafttern or up-down sequence of a permutation o is the

‘word® w=z,Z,..z_ , of n-1 characters with

+ Mo i) < ofi+1)

- Lol i+1) <o(i)

For example the pattern of the permutation o = 67135428
I8 W= +-++=+, '

On the other hand the c-pattern of o according to
Carlitz (1) Is a vector A = My Ay - o A) of positive
integers such that

A+ A+t A =n (1)
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o(l)<o(2)< ... < alry), ::r{.h.1+‘|:|-r.m:i".1 +E}-=:,..cm{h1+h2},.__

u{l.1+i.2+...hm_1+i} < ... < afn) (2)
u{h1}>a{h1+1}. n{h1+h2}hﬂfh1+}?+1:,-,, (3)

For example the c-pattern of the permutation o = 67135428 is
A= (2,31,2).

In this paper three different type of sets are studied
and it Is proved that the cardinality of each of them Is
equal to the number of Fibonacci.

The first is the set of all patterns which do not
contain double rise, the second Iz the set of all c-pattens
with coordinated 1 orfand 2 the third is the set of all
permutations o in En the elements of which satisfy certain
unequality properties. Moreover a construction of the
elements of the third set Is given.

2. Propositions

Let V., be the set of all patterns W=2,2g..2p 4
which do not contain double rige, i.e. if Z=+ the Hey ™
i e [n-2]. The following proposition characterizes the
cardinality of V_ .. '

Proposition 1 : The numbers Iundl' n=12,... are the
numbers of Fibonacei.

Proof

If A (resp. B) is the set of all 3122““!n-1=w£vn-1



such that z_ =+{resp. z_ . =-), then |V__| = [Al+[BI.

Moreover since the pattern of each weV, , does not
contain a double rise we deduce that z_ , =- for each weA.
Thus by considering the following bijections :

'tlﬂI - ”n-a -+ A, with ¢1[11z2...zn_3:| = 2,252 o+
'EIIE : un-E -+ B, with ¢2{1112'"1n-2] = 2,251 5

We deduce that |V

nal=Aand [V ,|=B.
Thus,

I.""rn-ﬂI - Ivn-ﬂl * Wn-al

for each n=3,4,.., and fvnl = 0, hr1r = 1 lLe. the
Fibonacci numbers. For the set F, of al c-patterns
{11,J~2,...,hm} such that 115{1,2}, ie[n], we have the
following result.

Proposition 2 : The numbers IFni‘ n=0,12,.. are the
numbers of Fibonacci.

Proof

Let Afresp. B) be the set of all ( A...A_ ) = keF_
such that A_ =1 (resp. 2).
Then |F | = |Al + |B]
Moreover since the set A (resp. B) is equivalent to the set
Fr.q (resp. F_ 5) we deduce that

|al = IF_,I ana [B] = IF, I
Thus,
IF | = IF |+ IF |
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for each n=23,... and |Fu| = 0, |F1l = 1 l.e. the Fibonacci
numbers. Now let An. n > 2 be the set of all permutations
O e En for which

la (i) -i] =1
and IAOI = |A;l = 1. Then we have the following resutt.

Proposition 3 : The numbers IAHI. n=0,1,2,.. are the
Fibonaceci numbers.

Proof

From the definition of the sat Hn follows that either
g(n)=n or g(n)=n-1 and o(n-1)=n, for every o < ‘ﬂ‘n'
Then if we define the sets

A:I:-[usﬂn:u{n}-n}

Aﬁ = {0 e A !0 = n1 and gn-1) = n}
we deduce that

Al = |AL] + 12|
Al = 1A | and 1A2] = |A_l
It follows that

(Al = 1A 1 + 1A

for every n=23,.. and the numbers [A |, n = 0,1.2,.. are
the Fibonaccl numbers.

Finally the determination of the elements of the set A
is given with the aid of the following sets (2), (3).

by = {12} A = {01, n}, B = {1, |, I+1} Vi =10
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rj) : The subset of [n] with elements the terminal
vertices of arcs with initial vertex |.

E(]) : The subset of [n], the elements of which are
vertices of the path with first vertex 0 and
last vertex |.

Proposition 4 : The paths of the permutation tree Tn which
satisty the following conditions :
(1) For the first O :

roy = {1.2}

(i) rQy = (In] - E( ] )indy, , for every level and
every | give all the elements of A

The first elements of the permutations are produced by
the relationship (). On the other hand the remaining
elements of the permutations are produced by the repeated
process of relationship (ii).

Example
For n=4 we obtain the following permutation tree.
0
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for every lavel L.1, L2, L:El‘ L4 and every vertex |, we get
the following subsets :
Lyt F0) = ({1,234} - {1) n {1.23} = {23} ...

L2 M4 = ({1,234} - {1,2}) n {234} = {34} ...
LS : M@ = {({1.234) - {134} n {34} = 2 ,...

: @) = ({1.234} - {1.23}) n {34} = {4} ...

Therefore A, = {1234, 1243, 1324, 2134, 2143}
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