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Abstract
We eongider the dual of an jdeal and the ideal transforme of Nagata and
Kaplansky in the context of monoids. In particular, we consider Pritfer monoids
with respect to a finitary ideal systom wnd generalige the known resulta for Priifer
domaing. These generalizations ambrace abstract menoids (without an jdeal
gyatemn), Pritfer v-multiplication domaine and Prilfer =-multiplication domains
for any star-operation of finite type,

1. Introduction

Let 2 be an integral domain with quotient field K and [ a non-zero fractional ideal
of I}, We consider the fractional ideal

[T'=(D:D={xc K|zl C D}
and the overrings

(F:N={zeK|zlcl}, Npll)=|J(D: ") and Qp(l}= [ |J oD

neM efnE f nicN

Usually =1 is called the dual of I, {1 : 1) is ealled the ring of multipliers of I, Ap(T)
is called the Nagata transform and Qp(0) is called the Kaplansky transform of D
with . We obviously have

(I:I) € I c Np(l) € Qpll).

The questions whether 7! is a ring and whether it coincides with either (f : I} or
Np(T) bave received considerable attention in recent years (see [FHFR], [F], Chapter
Il in [FHP}, or [HKLM] and the literature cited there).

If D is a Pritfer domain, then each overring of I has a representation as an
interssction of localizations of D with respect to those prime ideals which survive in
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the overring under consideration. For the overrings (7 - I) and Mp(1}, the responsible
primes were identified in [FHPR), Theorem 4.7 and in [FHF|, Theorems 3.2.56 and
3.2.6. I I! is a ring, the same was done In [FHP}, Theorem 3.1.2. An analogue to
the latter result in the case of PYMDs {Priifer v-multiplication domains) was given
in [HKLM)], Thecrem 4.5,

The question whether or not ! 5 a ring is a purely multiplicative one, Indeed,
since [~ is a D-submodule of K, it is a ring if and only il it is multiplicatively
closed. If in addition 2 is not a zero divisor on K/I7%, then the simple identity
2zy = (x + y)* — #? = y? shows that [~ is a ring if and only if it is elosed under
squares (that is, z € I=! implies * & 7).

In this paper we take the point of view of [HK1] that multiplicative ideal theory
should be derived as far as possible without makin £ reference to the additive strue-
ture. We show that many of the above mentioned questions and results concerning
(L:0), I, Np(I) and £p{l) can be derived in the context of cancellative
monoids, equipped with suitable idesl systems. When doing this, we shall abtain
slightly stronger results with even simpler proofs than in the case of integral domains.
In particular, the results for Priifer domains and PVMDa are special cases of our the-
Orems concerning r-Priifer monoids. We do not explicitely state these specializations
which we leave to the reader,

This paper is organized as follows. In section 2, we fix our notations and recall
some lundamentals from the ideal theory of moneids. Tn section 3 wa investigate [—1
and (I :T), first without further assumptions on the monoid 0, amnd then under
the additional hypothesis that D s seminormal or (integrally) closed with respect
to an ideal system. In the seminormal case we also investigate the connections with
Np(I). In section 4, we assume that D ks an - Priifer monoid (for some ideal system
r), we present the representation theorems for -1 and (I = I} as intersections of
localizations and some of their consequences. Finally, in section B, we investigate
Npll) and $2p(1) in more detail.

2. Preliminaries on Monoids

Our main reference for monoids and ideal systems is [HE1]. We recall the most
important eoneepts and fix the notations. We denote by M the set of positive integers,
and we set My = MU {0}. For a set X, we denote by P(X) its power set and by P X)
Lhe set of all finite subsats of X

By a monoid 17 we slways mean a commutative multiplicative semigroup possess-
ing & unit element 1 € D (such that la = ¢ for all g £ I, a zero element 0 € D
(such that 0o = 0 for all a I}, and satislying the cancellation law (if a,b,ee D
and ab = ac, then either a = 0 or b = ¢). We set [1* = LY {0} and dencte by 0*
the group of invertible elements of . By a groupoid we mean a monoid D such that
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[D* is a group. Every monoid [ possosses a quotient groupoid i, that i a groupoid
K o D such that K = {a™'h | e € D*, b e D}. By an overmonoid of D we always
mean a monoid between [ and K. For X, Y C K and » € N, we set

XY ={zy|zecX, pe¥}, X"={z, ... 2|2,... 2, eX}
{note that this differs from the usual definition for ideals in a ring),

(X:¥)=(X:Vix={zecK|z¥c X}, X 1=(D:'X) and X,=(X"1"1.

Recall that a finitary ideal system r on 0 is a map B(D) — P(D), X — X, such
that the following conditions are fulfilled for all subsets X ¥ of ¥ and all e £ D-

1) X u {0} C X,

2) X C Y, implies X,. C Y.

3) (eX)y = eXs;

4) X = Ugepny Br-

For a finitary ideal system r on D, we denote by I.(D) = {J C D | J, = J} the
semigroup of all r-ideals, equipped with the r-multiplication defined by -, J = (IJ)..
For any subset X C K, we define

= Ll & (1)
BePHX)
(note that, for every finite subset E' C K, there exists some ¢ & [* such that <F C I,
and then E, = ¢~ '(cE),}). Then r is a module system on K in the sense of [HK2].
An overmonoid T 2 [ s ealled an r-moneid iF T, = T, For valuation monoids, this
notion eoineides with that of [HK1], Definition 18.4 {see Lemma 2.3 below). IfT > D
is an »-monoid, then the extension »[T] of v to T is defined by

Hyp = (TX), forall X CK,

Then r[T7] is a finitary ideal system on 7', and Ly(T) = {(J C T | Jr = J and
T'J = J} [see [HK2], Section 2).

We denote by r-spec{l)) the set of all prime r-ideals and by r-max (7} the set of
all r-maximal r-ideals of D). For F* € s-spec{f)) and X C K, we denote by

Xe={s"'z]lzeX,seD\P}CK

the localization of X with respect to P. If r i3 a finitary ideal system on 0, then D'p
i an r-monacid, and we denote by rp = r|Dp| the localization of r with respect to P,

Thi most impartant finitary ideal systems we are concerned with are the s-system
of ordinary semigroup ideals and the -system, defined by

E,=ED and E,=(D:(D:E) forall EeP{K),
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and then extended by (1) to arbitrary subsets X © K (for details see [HK1|). Every
overmonoid T 3 IVis an sovermeonotd, and [T is just the s-system on T.

If I} is an integral domain with quotient field K, then {disregarding the additive
structure) [ is a monoid with quotient groupoid K. For o subset X < 3, let X; be
the I-idesl generated by X, Then d is a Boitary ideal system on D, called the ideal
system of ordinary ring ideals. An overmonoid T 2 D is & d-monoid if and only if it
i an overring, and in this case d[T] is just the ordinary d-system on T

Let [} be & monoid and T C D an s-ideal. We denote by (T the set of all prime
divisars of J (that is, the minimal prime s-ideals containing 1), by
Zpli={ee D |axel forsome & D\ T)
the prime s-ideal of all zero divisors on [ and by
VT ={zecD|2" el forsomen <M} = AR
PEP{I)

the radieal of I' (zee [HK1], 6.7).
For a finitary ideal system r on £, we denote by V. (1)) the set of all r-valuation
overmonoids of D, we set

Vell) = {V e V(D) | VAVE =+VIV} and WL([)={V e V(D) | IV =V},

We denote by Z,(1) the set of all maximal elements (with respect to inclusion) in the
sel

{P € rspec(D)) | P C Zp(I)}.

We say that [ has no embedded r-primes, if {P € rspec(D) | T C P C 2Z2p{l}} C
P{I). Note that I'e Z.(D) implies P(I) C r-spec(D} (see [HK1], Propesition 6.6).

For sake of completeness we recall the definition of the Nagata transform and the
Kaplansky transform in a purely multiplicative context

Dafinition 2.1 Let D) be a monoid and T I an sideal., Then we set

No(h = |J "yt and @) = [} |J amb.

niH efas! wep
We call NMp(I) the Nagata transform and Qp(f) the Kaplansky transform of D
with respect to [

We start by collecting some elementary properties of (I:1), I-!, Np{l) and
ATE)

Proposition 2.2 Let [} be a monoid, [ C D an e-ideal and r o finitary idesl system
or L3,
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1. (I:1) c I7'=({I") € NplI} C Bpll).

2. (I:01), Np(I) and Qp(I) are evermoncids of D, Np(I} end 1p(I) are
r-monoids, and if I is an r-ideal, then (I : I) 22 olso an r-menamad.

Proof. It follows immediately from the definitions that (I : I} < Il c Npll) C
(1p(1), and that (7 : ), Np(I) and €p(T) are overmoncids of I). The remaining
assertions concerning [=' and (I : I} follow by [HK1], Proposition 11.7. NMp(J) and
Qp(l) are r-monotds by [HK2], Propesitions 1.2 and 2.3, |

We close this introductery section with four simple lemmas coneerning valuation
monoids and localizations, for which we give proofs because of a lack of a suitable
reference. Recall that a moncid V iz a valuation monoid if the set of s-ideals of V' I8
a chain.

Lemma 2.8 Ifr is o finitary ideal system on a monoid D and V' 2 [ is o valuation
gvermonoid, then V is an r-moneid if and ondy if B, C EV for oll & € Pi{D).

Proof. K V.=V and E € P{D), then EV = aV for some a € E and therefore
E, € (EV), = (aV), = a¥, = aV = BV.

Suppose now that B, ¢ EV for sll E € Fy([}). By definition, it suffices to prove that
F, c V for all FeBV). If F € BV}, let c€ D* be such that cF C 1. Then we
obtain F, = ¢ Hel), c ™} cFV)=FV C V. O

Lemma 2.4 IfV is be a valuation moneid and § € s-spec( D}, then QVg = Qg = Q.

Proof. By definition, QVy = Qg 2 Q. Thus, uppose that = € Qg, say x = a™ 'k,
where b € €) and a € V\&. By [HK1], Theorem 16.2, we obtain § = o and therefore
s=a"hea~laQ =16 O

Lemma 2.5 If D is a moneid, I € T,(12), P € s-spec(D) and I ¢ P, then 171 €
B

Proof Iae I 'andz €[\ P, then az € [ and therefore a = z7'ax € Dp. [

Lemma 2.8 If r is a finitary ideal system on a monoid D, [ € I (D), F €
s-spec( [}, and if Q) denotes the set of all marimal elements (with respect Lo inclusion)
in the set { € r-spec()) | G C P}, then

Dp = nﬂq ond (Ip:lp)= ﬂ{ququ.
Qeq JEL]
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Proof. By [HK1], Theorem 11.3, Theorem 7.2 and Ex. 4.6, we have

Ip = ﬂ (feln

MEF]::-THEJ:{DF:]
re-max(Dp) = {Qp | Q@ € O} and (Ip)g, = Ig for all @ € 0. With I = D, the first
assertion follows, For the second one, we caloulate

(Ie : Ip) = {ﬂ (Te)ge :ff} = () (Ie)gs : Ie)).
e gEd

For Q € £, we have ((Ir)q, : Ir) = ((Felgp : (Ir)ge) = (Ig : Iq), which completes
the proof. Ol

3. The Dual of an Ideal
Throughout this section, let D be & moneid and K a quotient groupoid of D,

Definition 3.1 A subset X — K is called power-closed, if = € X implies = € X for
all ne i

Proposition 3.2 Let I C D be an s-ideal such that J-! is power-closed.

L I = (T: 1), and if [ # {0}, then - c B (the complete integral elosure of
), !

2. For all P € s-apec(D), I C P implies s E i R g
3. IFV € V,(I), then I-* C V.
Proaf. 1. It is obviously sufficient to prove that J—! (vT: I). If z € !, then
¥ € I7%, and (2I)* = (z*I)] I implies 2f € vT. Whenee = € (vT : 1.
Ifzel"! and 0 # cel, then ex™ € D for all n € N and therefore ¢ & .
2. By 1., we obtain I~ < (y/T: I) € (P : ). The other inclusion is obvious.

3. Assume to the contrary that there exsists some V € V,(I) such that J-! g V. Ir
g eI\ V, then z=! VA V* = TV, and therefore (x~1)" € IV for some n € N,
Since x™ € I~! we obtain, using 1., that 1 = 2z e -V c VTV IV, a
contradietion. B

Proposition 3.3 Let I C D be an s-ideal such that 1! is power-closed.

1. Let JC D be an s-ideal and 8 © D* o muliiplicatively closed subsel such that
Tcdcvs8 T and VETIND=J Then J-'=(J:J).
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2 VIt =(vT:VI).

3. IfPeP(), then Pl =(P: P).
Proof. 1. It suffices to prove that J~! ¢ (J: J). If z € J°! and a € J, then
J ¢ &7 implies 2a™ € I for some s € S and n € N. Since J-! C I~! and

I-' is power-closed, we obtain % € I~ and s(az)™ = a™(sa"z™) € J. Whence
axevVS-lUnD=.J

2. By 1. with J = /T and § = {1}.
3. By 1. with J = P and § = D\ P (observe that +/Tp = Pp O P). O

Corollary 3.4 If1 is an s-ideal of D satisfying +/T = I, then the following statements
are equinalent:

) I =(I:1).

(b)Y I=' 2 D is an overmonoid of D.

() I7" is power-closed.

(d) Ifrel! thenz® €I
Proof. Obviously, (a) = (b) = (c} = (d).
(d) = (a). ltsuffices to provethat I~ C (I : 1), x € I\ then (zI = (¢*TH C I
implies =T © T = I and therefore = € (I : I). O
Proposition 3.5 [f r is a finitary ideal system on D, I € I(D) and [ # D, then
the fallowsing assertions are equivalent:

{a) I™! is an overmonoid of D'

(b} T is not r-invertible, and (P : I) is an overmonoid of D for each P €
r-max( ) such that I C P.

() I=' = (/T : 1), and (P : I) is an overmonoid of D for each P € P(I).
() I ={ L)
(e) I=! =(II1:11°1),
The assertions (a), (b) ond (c) remain equivalent if we replace “overmonoid™ by
“power-closed”.
Proof. (a) « (d). By [HK1], Propasition 13.6, observing that J™1 = I7L.
(a) « (e). By [HK1], Ex. 13.2.
(a) = (b), (c). By Propesition 3.2.1, we have I™! = (T : I, and consequently

J o B0 o= M (vT), = +T © D. Whenee [ is not r-indvertible. If P &
r-speci D) and P 2 I, then (P :I) = I"' by Propoesition 3.2.2.
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(b) = (a). Since I is not r-lovertible, thera exists some P € r-max( D) such that
-t I I-'c P. Whence I c (P: 1) ¢ I-'. Therefore [ ={P; [}is an
overmonoid.

(c] =» (a). If P e P(I), then /T C P, and therefore 7' = (T . N=(P: N c I,
Whenee [=! = (P: I) is an overmonoid of [ m

Next we investigate the dual of an ideal under the additional assumption that [ is
seminormel. Recall that [ is called seminormal if the following condition is satisfied:
Ifz € K and 2™ € D for all sufficiently large n < M, then = ¢ D.

Proposition 3.8 Let D be seminormal and T C D an s-ideal of D.
1. We have

(VI:vI)={zeK|z" €l forall n € N}
={zeK|z*el? for all sufficiently large n e N},

2. I is power-closed if and only if -1 = (VT - V).

3. W I7Y is power-closed, then [~ = (vT1-1,
Proof. 1. We must prove: 1} If z & (vT : ¥T), then z™ € I for all eM. 2)If
z € K and =™ € I™! for all sufficiently large n € N, then = & (T : V1),

1) Ifze (vT:vT)and n e M, then =™ € (VT : T} and therefore 2] ¢ T ¢
vTC D. Whenee ¢ & -1

2) Suppose that x € K, 2" € I™! for all sufficiently large n € M and a € /T,
Then we have a™ € I and hence (az)® € D for all sufficiently large n € N, Since
I} is seminormal, it follows that ez & 0. For sufficiently large n € N, we obtain
(ax}™*! = (a"z"*')a € aD € /T and therefore ax & /7,

2. Obvious by 1.

3. Suppese that I™! is power-closed. It is sufficient to prove that [-1 © (V)" ¥
ze Il !and a e 1, then z* €Tl a" & I and hence (az)™ € I} for all mfﬁ::ientt;l.r
large n € M. Since D is seminormal, we infer ax € D, and therefore & (vT)-1, O

With the aid of Proposition 3.6 we are able to investigate the connection between
I=! and Np(I) in the seminormal case.

Proposition 3.7 [f D s seminormal and I is an s-sdeal of D, then the following
asseriions are eguivalent:

(a) I~% = Ap(]).
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(b} (I™)~! is an overmonoid of D for alln € N.
(¢) (™)' is an overmoncid of D for some n = 2.

In (b) and (c) the phmse "is an overmoncid of D" can be reploced by Yis
power-cloged”,

Proof. (a) = (b). Forn € N, we have Np(f) = I-1 ¢ (I")"! € Np(l). Hence
()L = Np(I) is an overmonoid of D,

(b} = {e). Obvious.
(6) = (a). Since I"Cc P clcC v T, Proposition 3.6.2 implies

(Pt = (VIR V) = (VT VT e (WT) e I e (1)t e ()

and therefore ([}~ = I, Now we obtain (I™)~! = I! by induction on m. Indeed,
if m>2and (™)' = (™17 then

)yt = (D= () ) =0y
By Proposition 3.6.2, (/™)~! is an overmonotd il and only if it is power-closed. [

We close this seetion with an investigation of (7 : ) and I~! under the additional
assumption that D is r-closed with respect to a finitary ideal system r on D. 'We
racall the basic facts on generalized integral closures (see [HK1], Ch. 14).

Let r be & finitary ideal system on 0. We say that D is r-closed if (J: J) = D
for all r-finitely generated r-ideals of . Note that I} is s-closed if and only if it is
root-closed, and if I is an integral domain, then it is d-closed if and only if it is
integrally closed. If D is r-closed, then D is root-closed and hence seminormal.

Suppose that I is r-closed, Then the finitary ideal system ry (called the comple-
tion of v) is defined by

X.= |J ((xB):B) forallsubsets XCD.

BeP( D)
Brip*#d

By [HK1], Theorem 21.7, we have

Xeo= [] XV forall D-fractional subsets X C K,
VEV.(D)]

and in particular

b= [ V.

Vel (0}
If X € D and V & V,(D), then X,V = XV (see [HK1}, Theorem 21.3).
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Lemma 3.8 Let r be a finilary ideal system on D such that D is r-closed, and lai
I D be an s-ideal,

1. We have
(i B )= [ (Iv:1Vv),

Ve, (D}

2. IfV C V(D) is any subset, then

D=1V  implies [} ¥ [ wWerte [ w

Vel VEV.(I) WeWw..(nnv WeW,L(nnw

Proaf. 1. Observe that
In:B)={ N Wikl)l= 1 il

FEV{D) vel.(o)

For each V' € V. (D), we have {JV - L) =V : LV)= (IV : IV). Thus the
assertion follows.

2. Assume that D is the intersection of the valuation monoids V e V, and let first 2 be
an element of the intersection on the left hand side. Tt is sufficient to prove that a e [
implies ax € U for all ' € V. Thus suppose that a € Tand U € V. If UV & Wi{T),
then z € U/ implies ax e U, U & Ve(D)\ Wo(I), then @ = VI € sspec(l)),
and since /TG = Qg = Ug \ UZ, we obtain, using Lemma 2.4, Ug € V.(I) and
arclllgCQqg=Qcl.

Hzel!and We W ()N, then z € W = 2IW W, Ij
The following Theoremn 3.9 generalizes [HKLM], Theorem 4.4.

Theorem 8.9 Let v be a finitory ideal system on D such that D is r-closed, and let
VC V(D) be a subsei such that

D=v.
VeV
If I is an s-ideal of D, then the following assertions are equivalent.
(a) 171 is an overmonoid of D,
(B) I=! is power-closed.
(e} I C (I 11~V for each V & V(D).
(d) I"t C(LV : LV) for each V € V.(D).

(¢) There exists some J € T(D) such that J = I and J-! ¢ (JV : JV) for
each V € V(D).
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() I C V for ench V € V. (I).
{g) We have the representation

It= N vn [ Ww.

VEW(I)  WeW.(naw
Proof. (a) = (c), (d). By Proposition 3.5 we obtain [-' = (II"': II™') C
(LW W) and - = (I, 1 L) C (LV : LV) for all V € V(D).
{e], (d) == (e). Obvious.
(e} = (a). By Lemma 3.8, we oblain

e [ Vit L) e el eI,
VEW( D)

and therefore It = ([, :.J. ) is an overmonoid of L.

{a) = (b} is obvious, (b) = (f) follows by Propasition 3.2.3, (f) = (g] follows
by Lemma 3.8 (2), and (g} = (a) ie again obvious, O

4. The Dual of an Ideal in r-Priifer monoids

Throughout this section, let D be a monoid and v o finilary ideal system on D,

Recall that I is called an r-Priffer moncid if Dp is & valuation monoid for each
P & r-spec(D). For several other characterizations see [HK1|, Ch. 17. If D) is an
r-Priifer monoid, then every overmoncid of [ is an intersection of localizations of Ly
(see [HK1], Theorem 27.2). We want to specify the responsible prime ideals in the
representation of (7 : 1) and of I=! (provided that it is an overmonoid). We start
with a technical lemma concerning the local behavior of Zp(1).

Lemma 4.1 Suppose that I € T,{D), P € sspec(D) and I C P. Then we have
ZpllpnD)=Zp(Tp)nD  and  Zpu{le)=Zp(lenD)p.

Proof. It is sufficient to prove the first equality (see [HK1}, Theorem 4.4). lf a €
Zp(Ipn D), then there exists some = € DY Ip C Dp’\Ip such that az € Ip. Whence
a€ Zp(lp}n D,

Suppose now that a € Zpp(Ip) N D, Then there exists some z € Dp '\ Ip such that

az € Jp. If s € D\ P is such that sz € D, then sz € Ip, and asz € Ip N L) implies
a e EIJLIFH.D}- O

The following Theorem 4.2 generalizes [FHPR], Theorems 4.7 and 4.11, and
[HKLM], Theorem 4.7.
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Theorem 4.2 Let [ be r-Priifer.

L If I is an s-ideal of D, P € rapec(D)) and [ © P, then ZolIpn D) e
r-spec(D), ond
(Ip :IP}=JJED[3F.-.;_J]..

2, For each s-ideal [ C I, we have the representation

(I:n = [Izﬂ.:” :Ig,_,[f:,} Bl n Dy

MeEr-man{ )
M

3. For each r-ideal I € I.( D)), we have the representations

(zoin Izpen) = [} (Te:1e)

PEZ(T)
arnd
= [\ Uu:l) 0o [ Du.
M Er-mnil D) K Er-max( [1}
TCM g

4. For cach s-ideal I ¢ I} without embedded reprimes, we have the representation

I:IZI] = {ﬂ"uﬁ} = Dzﬂ{” n ﬂ Dy

M Er-man{ I¥)
Fgs

Proof. 1. Since Zp,(Ip) € s-spec(Dp) = rp-specf Dp), we infer (using Lemma 4.1)
that Zp(fp N D) = Zp,(Ip) N D € r-spec([}). By HK1], Ex. 15.8 and Ex. 4.6, we
obtain

{Ip:Ip)= {DP}EDF{IP} = Dzp tipind = Dapirenm .

2, For ench P € s-spec{D) we hava (T : I} C (Ip : Ip), and il | ¢ P, then
(Ip:Ip)=(Dp: Dp) = Dp, Henee it remains to prove thak

{fzu{r:uifzam} M ﬂ Dy C [(I:0D.
M Er=mane| L)
I M

Let z be an element of the intersection on the left hand side, and a € . We must
prove that za € I. Since za € Tzpir), there exists some ¢ € D\ Zp(l) such that
tza € 1. We prove first that za € D, and for that, it is sufficient to prove that
2@ € Dyg for all M & r-max{D).

If M € r-max{D) and T ¢ M, then z € Dy implies az Do Thus suppose
that M € r-max(D), I C M and 20 € Dy. Then we have {za)~' € Dy and
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£ = tzalza)"' € Iy Therefore there exists some w € DY M such that tu € I, and
t & Zp(l) implies « € I < M, a contradiction.

Nowtzacl, zac Dandtc D\ Z5(T) implies za € I, as asserled.

3. We apply Lemma 2.6. To obtain the first representation, we set P = Zp(l}. To
obtain the second one, we set P = DY D* and observe that (Ipr @ Tne) = (Dpy -
D) = Dy for all M € r-max( L) such that I ¢ M.

4. By Lemma 2.6, we have

[l Pr = Dzpry € (Lzoin  fzpn)-
FeZ I}

Hence it suffices by 2. to prove that (F: 1)< (vT:+T)C Dp forall P e Z.(T).

Hxe(l:N, thenz* e (J:1)C 17! for all n € M, and Proposition 3.6.1 implies
z € {vT: 1)

HPeZ(I)and I ¢ P, then +/T ¢ P, and therefore (vT : +/T) c (vIp : VTp} =
(Dp : Dp)y = Dp. UP € Z{I) and I C F, then P € P([} by assumption and
therefore F;r = 'uq- = ".-"TF, which 'II'III'.II'IEﬂ {"..-"T ﬁ.."IT} L |:‘.«"ITF ‘ul"TFj = [Pp ; Pp_:l =
Dy by [HK1|, Ex. 16.8. W

Corollary 4.3 [f I fs r-Priifer, e T,(D) and n e M, then (I - 1) = (" : ™).

Proof. Tt is easily seen that (I : I € {I™ : I"}). To prove the reverse inclusion,
assume first that D is a valuation monoid. If u € (I : ™), then u™ & (1™ : ™) for all
m € M, and in particular (ul)* C I, If a € I, then {ua)™ &€ I™ C D implies wa € D,
and therefore ua € I by [HK1], Ex. 15.6. Hence w € (] : I) follows.

For the general case, we apply Theorem 4.2.3 and observe that ((I™),),, = If, for
all M € r-max{ D). Thus we obtain

e (™) = [ Wehdn [ Du

Mer-max( D} MEr-man{ I¥)
I Mt I

= [ (w:adn [ Dw=(:1.

M Er-man| 1) M e 1)
M IgAf

=

For sake of completeness, we recall the (well known) criterion for 7°! Lo be an
overmonoid in the case of valuation monoids,

Proposition 4.4 [f I is a waluation monewd and [ © I a (proper) s-sdeal of D,
there 171 iz an overmonoid of D if and only if I 15 & non-principal prime s-idezl. In
this case, we have ™' = (I : I\ = [}y,

a1
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Proof. I_HKI], Ex. 16.8. O

Lemma 4.5 Let D be r-Priffer and I ¢ D an s-ideal.
1. P(L) c P(D).

2. We have
M Pen [} Dy c [ P n [l Dw c I,
PEP(IN Mer-max| ) PEP(I MEr-max| D)
IgM I M

Froof. 1. Suppose that P € P(I.). Then P  r-spec{D), and there exists some
- @ € P(I) such that @ < P (see [HK1], Propesition 6.6). Dp is a valuation monodd,
and Qp is a prime s-ideal of Dp. Since Dp possesses only one finitary ideal system,
Qp ia an rpe-ideal. Whenee @ = Qpn D € r-spec{ D) (see [HK1}, Theorems 15.3, 4.4
and 7.2). Thus we obtain I, € Q € P, and consequently @ = P & P(I,).

2. We apply 1. and Lemma 3.8 with V' = r-max( D) (see [HK1], Theorem 11.3). Sinee
Velly) ={Dp | P e P(I,)}

and

WelL )V = {Dp | M € r-max(D), I¢ M} = {Dp | M € r-max(D), I, ¢ M},

we ohtain
r.E Dp 1 ﬂ Dy C n Dp ™ r} Dy L,
Pem™ I MW er-max{ 1 PP} M Er-ma{ &)
Fg s P

O

The following Theorem 4.8 is & common generalization of [FHP], Theorem 3.1.2
and [HKLM], Theorem 4.5.

Theorem 4.6 [f I is r-Priifer and I € D is an s-ideal, then the following assertions
are eguivalent:

(a) 17! iz an owermonoid of D.

(b} I is power-cloged

(e) I"' € Dp for oll P & P(I).

(d) We have the representation

(M Den [ ODu-

LI, M Er-max( D
PPl EFE::E}
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(e) We have the representalion

f_l= ﬂ Dpe 0 ﬂ D

PeP{I Merampz| L))
fgm

Proof. Obviously, (a}) = (b), (d) = (a) and {e} = (a].

(b)Y = (c). Let I~ be power-closed and P € P(I).

CASE 1: P # D. If @ € P(F,), then @ € r-spec([}) and therefore [)g is a valuation
monoid. Now P C @ implies Dg C Dp, hence Dp is a valuation monoid (see
[HK1], Corollary 15.1), and Dp '\ D} = Pp = /Tp = /TDp. Therefore we obtain
Dp e Vy(I}, and I  Dp by Proposition 3.2

CASE 2: P. = I, Since r is finitary, there exists a finite subset E < P such that
E.=D. Since E C Pp =/ Ip C Dp, there exists some n € M and s € DY P such
that sz™ € I for all x € E. Suppose now that w € 1=, and set El®l = {z™ |z £ E}.
Then we have usE™ ¢ D and therefore us € usD = us{E™), © D (see [HK1], Ex.
12.3). Hence u € Dp.

{e] = (d), (e). By Lemma 4.5.2 and Lemma 2.5. O

We elose this section with two special eriteria for I~ to be an overmonoid of [,
Propaosition 4.8.1 is a partial generalization of [FHP], Theorem 3.1.7, and Proposi-
tion 4.8.2 generalizes [FHP), Corollary 3.1.8, This latter mentioned assertion will be
strengthened in Theorem 5.7, Proposition 4.9 is a common generalization of [FHPR],
Theorem 4.11, and [HKLM]), Theorem 4.7 and Corollary 4.8, First we need an ele-
mentary lemma concerning r-invertible ideals in r-Priifer monoids.

Lemma 4.7 If D is r-Priifer and P € r-spec(D) \ r-max(D?), then P is not r-
invertible.

Proof. Assume to the contrary that there exists an r-invertible F € r-spec(}} and
some M & r-muact{ D)) such that P ¢ M. Then P = E, for some finite subsat E C F.
If z ¢ M\ P, then P C (EU{z}),, and since D is r-Priifer, (EU{z}), is r-invertible.
But this contradicts [HK1], Theorem 13.2. O

Proposition 4.8 Let [ be r-Priifer.

1. Suppose that I € T.([7), VI=T and P Nr-max(D) =8 Then I~} iz an
evermoneid of [N

2, If P € rspec(D) is not r-invertible, then P~ = (P : P}, and if P € r-max( D},
then P~ = D.

3
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Proef. 1. By Theorem 4.6, it is sufficient to prove that I-!  Dp for all P & P{]).
Thus let P € P(I) and M € r-max{ ) be such that P C M. Then Py, o My € Dy,
wnd Py = Ty = (VT)y = Iy, By Lemma 4.7, Py is not r-invertible, and by
Proposition 4.4 we obtain

I C{Dp = Inr) = (D ! Pur) = EﬂMqu =g,
2. Let P € r-zpec{ P) be not r-invertible.
If £ ¢ r-max{ D}, then P~! iz an overmonoid of D by 1., Theorem 4.6 implies
MEramnx| )
PEM
and by Theorem 4.2.2 we get P~! = (P : P).
If P € r-max(D), then P C (PP~Y), € D implies P = (PP~'), S PP-, hence
P~ (P : P), and therefore P~ = (P : P} is an overmonoid of ). Now Theorem
4.6 implies
Pt = Dg n ﬂ Dy=D.
M Ce- i )
M£P
(|

Proposition 4.9 Let D be r-Prifer.
1. IfI iz an s-ideal of I} without embedded r-primes such that I=! is an svermonoid
of I} and
2Zp(l} = U P,
PePI)
then J -1 = (I : T).

2. If q i3 a finitary ideal system on D such that T.(D) T D), and if M €
q-max{ D} és not g-invertible, then M—1 = D

Proof. 1. By Theorem 4.8 we have

I ' Ben [ D

PP} Mer-max( L)
I M

and Lemma 2.6 implies
[ Do = Dapy.
FePL
Now the assertion follows by Theorem 4.2.4.

2. Binee M C (MM™1), € D, we obtain M = (MM}, 5 MM-! and therefore
M='C (M : M). Hence M~' = {M : M) is an overmonoic. If M is an r-ideal, then
M is not r-invertible, and the assertion follows by Proposition 4.8. If M i not an
r-ideal, then My = Dand M~ = M' = D, |
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5. The Nagata and the Kaplansky Transform

Throughout this section, let D be o monoid and r o finitary idesl system on D

The results of this section are well known for Priffer domains (see [FHP], Chapter
[11). We start with a representation of the Kaplansky transform as an intersectin of
|ocalizations, which is valid in every monoid.

Proposition 5.1 Let I < D be an r-ideal.
1. If I is r-finitely gencrated, then Np(I) = Qp(I).
2. We have the represendabion
W)= [ De.

FPEr-spec| )
Igr

Proof. 1. Suppese that I = E, for some finite subset E C I. We must prove that
Qp(f) € Np(I). If x € Qp(l), then there axisls some n € N such that oz & D for
all a € E. I B = {o" | o € B}, then Elfke ¢ D, and

[\Eln g (EABIny 2 c (EMIDYz c D,
Hence z € I™1E® ¢ Ap(I).

2. Suppase that = € Qp(l) and P € r-spec(D) such that I ¢ P. fa € T\ P, then
there exists some n € M such that a™z € D, and we obtain x € o™ D C Dp.

Let now = # 0 be an element of the intersection on the right hand side, and J =
2='Dn D. Then J € T(D), and for all P € r-spec(D), I ¢ P implies J & P.
Therefore we obtain

di= T[] #5 [ #3

Per-apac 1) FPer-apec] [1}
PoJ Por

If @ € I, then there exists some n € M such that a" € J and therefore oz € 0.
Hence we obtain x € fp(f). O
Proposition 5.2 Let T be an r-monoid satisfpng O CT C fip(T).

1. The map

o {Perspec{D) | I P} — {Q € r[T]-spec{T) | T & G}
: P ] PPHT

is bigective. If € € r{T}spec(T) and I ¢ @, then ¥7HQ)=QND and
TI;?:-DQI'IE- ffPEF-EPEE{.D:] and I @ P, then Dp 2-'Tp:,,-|-]'_
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% If (T, =T, then T=Qpl).

FProof. 1. If P € respec(D) and I & P, then fip(I) C Dp by Proposition 5.1.2, and
therelore Pp T s & prime s-ides] of T, We clearly have (PpriT) 1.0 = P and hence
I ¢ PpnT. Since (Pp), = Ppand T, = T, it follows that Pen T & r[T)-spec(T).
Thus we have proved that ¥ is a map as indicated, and that it is injective,

To finish the proof, suppose that Q r[T]spec(T) and I ¢ Q. We shall prove that
@nDe r-spec(D), F @ QN D, Danp =Tg and § = [Qﬁﬂ]qnﬂnT.

If @ € r[Thapec(T) and I ¢ ), then clearly P = 0D € sspec(D), Ig P,
and G = Q implies P, = P. Comsequently, P ¢ r-gpec(D)). Since D ¢ T and
DVP CT\Q, we obtain Dp Ty. To prove the reverse inclusion, suppose that
reETg. sayz=5"'2, where s e T\Q and z € T. Let a € I'\, P be arbitrary. Since
5,z € Qp(l), there exists some n € N such that sa™, za® € I and 2 € @ implies
sa™ ¢ P. Therefore we get = = (2a™)~1{2a") € Dp. Now we set ' = PpT. As
we have just proved, @' € r[T|spee(T), I ¢ @ and Q'N D= P. Hence, we ohtain
Ty = Dp =Ty, Qb = Qg, and consequently ' = e NT=QgnT=0q.

2 H(TI), =T, then {Q & r[T-spec(T) | I ¢ Q) = r|T}-spec(T), and 1. implies
r[T}spec(T) = {PeNT | P € r-spec(D), I ¢ P}. Therefore we obtain, using [HK1],
Theorem 11.2 and Propesition 5.1,2, that

T= [\ Teenr= || De=8al).
PErspes( D) Per-apec| I
IgF Igp

O

Before we study the behavior of the Nagata and Kaplansky transform in valuation
and Priifer monoids, we collocate their properties under localizations.

Lemma 5.3 Let 1 © D be an r-ideal of D and P € s-apec( D).
1. We have Np(I)p C Npa(Ir), with equality holding if I is r-finitely generated
2. IfI € P, then Np(I) C Dp, and if I is r-finitely generated, then No(I) p = Dp.
3. Qo) c Op,(Ip).

Froof. 1. By [HK1], Proposition 11.7, we have

Nollle = [ (B:1™)e c | (De:13) =Npa(ls),
1M nel

with equality if [ is r-fnitely generated.
2. 1fI¢ P, then .-"'-"'pPI:IP} = ,.'l..'::,F (Pg) = Dp, and the assertion follows by 1.
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3. Suppose that = € (p(I) and ¢ = s~'a € Ip, where ¢ € [ and s € ') P. Then
there exists some n € M such that a”z € [, and consequently "z = s "a"z € Dp.
O

Theorem 5.4 Let D be a valuation monoid, [ C D' o {proper} s-ideal of I and

g=[Jr.

AEN
1. @ is a prime z-ideal, and Np{l) = Dg.

2. We have Np(I) = Qpll) if and ondy if either I # 1%, or I 45 the union of all
prime s-tdeals properly contained in I,

Proof. By [HK1], Proposition 16.1, we obtain Q) € s-spec{[}}, and every prime s-ideal
properly contained in I is contained in 4.

1. If I = I?, then I = I™ = @ for all n € N. Hence @~ = Np(I) is an overmonoid
of D), and the assertion follows by Proposition 4.4.

T £ 12 then I ¢ @, and Lemma 5.3.2 implies Np(I) € Dg. For the reverse
inclusion, it is sufficient to prove that s~ e Np(l) forall s € D\ Q. If 2 € DY Q,
then s & I™ for some n & M, henece I™ C s and 5= € (IM)~' € Np(1).

2, If I # I?, then {P € rspec(D) | I ¢ P} = {P € rspec(D) | P C @}, and
therefore Proposition 5.1.2 implies Qp(f) = Dg = Np(I).

Suppose next that I is the union of all prime s-ideals properly contained in . Then
we have @ = [, and we must prove that (1p(l) C Dg. Il u € Q2p([), then w € Dp
for all P € s-spec(D) properly contained in I by Propositon 5.1.2. Ifu € L), we
are done, 1f w & D, then u~! € D, hence w1 € DE and therefore w1 ¢ P for all
P € s-spec( D) properly centained in I, Thus we obtain u™' & I = @ and therefore
u={u"t)"t &€ Dg.

It remains to consider the case where I = I? and Np(l) = Q1p(l}. Let P* be the
urion of all prime s-ideals properly contained in I. Then we have Np(I) = Dy by 1.
and Np(l) = Dp. by Proposition 5.1.2. Thus P* = I follows. O

Theorem 5.5 Let [ be r-Priifer, I © D an r-ideal, P ¢ P{I) and
P)=(IxnD.

nizM
1. We have I{P)€ r-spec(D)), Dyp)= Npp(lp), and

MoiDe [} Dysy 0[] Du

PEP(N) M-Eﬁp:;ﬂ: &)
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2. If the set P(I} is finite, then

Notl= ) Dymn [ Du= M Duey 0 (1 D

FeP(I) M Er-apoc| ) PP} M Evramae| [
Ig M g

Proof. 1. If P € P(I}, then Theorem 5.4.1 implies
P’{F]‘ - ﬂ f]: (= EI-EP‘EI:I:J'}F:' = F'F-Epﬁﬂliﬂpj and MDF[IF] = I:'ﬂj:]ptp_:,.
nEN

Henee we conelude I{P) & r-spec( D), and I{P) = I*{P)n L implies I*(P) = I{P)g.
Thus we obtain Ny (fp) = Dyipy, and Lemma 5.3.1 implies Np(I) © Npa(lp) =
Dripy, U M € r-max(D) and T ¢ M, then Lemma 5.3.2 implies NplD € Dyy.

2. Let P(I) be fnite. We must prove that

m -DJ"{P:I M n Dy © Np(l).
PEP(N HETET;[D]

Let u be an element of the given intersection. For each P e P{I), there exists an
element sp € DN I{P) such that spu € [, Sinee sp & I{P), there exists some np €N
such that sp & I2*. Now we set n = max{np | P € P(I)}, and we obtain sp g Ip
and therefore It C spDip for all P & P( I'). This implies w/B € uspDp € De for all
P e P(I}, and eonsequently

a™ C ﬂ Dpn ﬂ Dy
PePI) M er-max( D]
g

By Lemma 4.5.2, the intersection on the right hand side is contained in J-', Hence
we obtain w € (1)1 = MR, O

Corollary 5.6 Let D be r-Prijfer, P € r-spec(D) and

Py=()PenD.
nEM

1. We have Py € r-spec(D)) and, for every Q) rapec(D), Q@ C P implies Q < Fy.
2. Np(P)= Dg,NnAp(P).

Proof. 1. By [HK1], Proposition 16.1, we have

P*= [} PE & sepee(Dp) = rp-spec{ D),

neM
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and P* is the greatest s-ideal of Dp properly contained in Pp. Thus we oblain
Py = P*n D e rspec(D). I Q € r-spec(D) and @ G P, then {p & Pp, hence
Qp C P* and therefore @ = Qpn L C P*N D = Fy.

2. By Theorem 5.5.2 {observe that P{P) = Fy), and Propasition 5.1.2. 0

Theorem 5.7 Let D be r-Prifer and P € r-spec{D) not r-invertible,

1. P! = (P : P), and there are no r-monoids properly lying between P! and
NplP).

2. If P =P then P! = Np(P)

3. If P is the union of all prime r-ideals of D properly contained m P, then P~ b
Np(P)=p(P).

4. If P # P2, then Np(P)=p(P).

Proof, 1. By Proposition 4.8.2, we have P~1 = (P P).

Let T be an rmonoid satisfying P~ ¢ T'C Qp(P). If (PT}, = T, then Propesition
5.2 2 implies T = (tp(F). Thus suppose that Fqpy = (PT)r # T. By [HK1], Theorem
97.2, T'is r[T|-Prilfer, and T C Dp. By Proposition 5.1.2 and Theorem 4.6, we obtain

T CcDpn ﬂ _D,,.;:P_l,

A Er-spec( D]
Ig M
and therefore T = P~1,
2. Obvious by the definition.
3. and 4. We seb
B=(FpnD
ni

and apply Corollary 5.6,

Suppose first that P is the union of all prime r-ideals of D properly contained in P.
Then By = P, and Pp is the union of all prime s-ideals of Dp properly contained
in Pp. Hence there is no greatest prime s-ideal of Dp properly contained in FPp,
and by [HK1], Proposition 16.1, we cbtain Pp = P2 and therefore ' = P2, Hence
P~1 = Np(P) follows by definition. By Lemma 5.3.3 and Theorem 5.4, we abtain

p(P) C Qpp(Pp)=(Dp)lp. = Dp.

[f P # P?, then Pp # P} and therefore Py C P, and Propositon 5.1.2 implies
(Qp(P) C Dp,. O
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