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Abstract
Let g be a prime number with g @ 5(mod8). If € 8 the undamental unit of

0Q/Tq) and k = Q(/=3q), then exactly ona of k(¥Te), k{¥Be), 8 embedded
in & dikedral extongion of @ which l& eyelle and unramified- outside 2-over k.
It this paper wa chow how we can find which field has the embedding property
using numerical procedures.

2 Mathematics subject clasaificatéon: 1LE0S

1. Motation and Preliminaries

Let ¢ be a prime number with ¢ = 5({mod8). We set Dy = —8g, so that Dy is
the fundamental discriminant of Q. —2q). Let D, = 2** [y and let H{[},) be the
class group of primitive positive definite binary quadratic forms of discriminant. I),.
Hal 13,) will denote the 2=Sylow part of H({D,) and &k will denote the odd part of the
class number of H{D,). By Theorem 3 of [1] we have that Hy{{%) is isomorphic to
Z/2Z. Also, by [3] there is an exact sequence

1 = (2°) — Ha(Dy) — (2} — 1 (1]

where (2*) and (2} denote cyclic groups of order 2° and 2 respectively, The
ambiguous classes of Hp(D,) for s = 1 are

L= [1,0,2%%q], [4,4,1+2%7q], [,0,2%""], and [4g,49,¢ +27']

(where [a,b,¢] a,b,¢ € Z, denotes the class of the quadratic form az® + bxy + a®).
For & = 1, Hy(D,) is not cyelic and so (1) implies that H3(D,) is of type (27, 2). Let
Hi(D,) = {A,, B,), where A" = B2 = [,. The ambiguous classes of H3{[),) can be
distributed in two genera: G; = {I,, A"}, Ga = {B,, 4¥"" B,} and

L=[1,022%q], A7 =[4,4,1+2% g,
B, = ["i'nﬂ'u'EhH], .-"JE'_1 B, = E-‘Iq,dq,q + 23'*‘1].
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It is easy to see that [,, A" represent numbers m such that m = limod8) and
that B,, .-EH B, represent numbers n such that n = B{mod8). We shall denote by
k the quadratic field Q(/—2q) and by k(D,) the Ring Class Field modula 2* over k.
Also, ky(D; ) will denote the maximum 2—extension of @ inside k{£,) and finaly, for
a subgroup H of Hy(D,) we shall denote by Ly the corresponding subfield of kg D,)
via the Artin isomorphism, (Note that the notation of this paper is in fully agreement
with the notation in [3] for convenience.) By [3] we have that there is an epimorphism

P, Hy(Dyyi) — Hy(D,) ! [a, 25, 4] — [, 5, ]
which is induced by the restriction epimorphism of Galois groups:
Glko(Dyta)/k) — GQka(D,)/K).

It is easy Lo see that ®.(B,11) = B, and that we may choose the A, in such a way
that &,(A,.,} = A,. Obvicusly, if Hyp1 < Hy(D,,) and ®,(H,4y) = H,, then
Ly, € Ly,,, and particulary for 5 > 2 and £,7 € Z such that £ 7 > 0 it holds that
Lfﬂi'-ﬂﬁ,'l = L{Aﬁ||5,1.} since these two fields have the same degres over k.

For an integer m- and an- element ¢ of Ha(Ly;) we shall use the motation © — m
to show that O represents properly m {that is, there is a quadratic form { £ € and
z,y € £ with (z,y) = 1 such that f{z,y) = m).

For this paper we shall need the following two propositions:

Proposition 1 Let p be a prime odd number (p # ¢) and € & Hy(D,) (s Z,s21)
with C* = 1. It holds that & — ¢ if and only if the decomposition field of » in
ka(D,) is Lygy. O

Proposition 2 Let k€ Z, k = 1. Every unramified outside 2 cyclic extension of k£
of degree 2% which is dihedral over @ is contained in ky( D). O

(Remark : Proposition 1 is lemma 1 of {3] and Proposition 2 is implied by Satz 11
of [4] and the structure of Hy( D,).)
2. Elementary Aspects
In this section we shall state two propositions which show the inductive representation
ability of p" by B, and AE*_IB,, for an odd prime p and an integer s with 5 = 1.
Proposition 3 LetseZ s> 1.

L. I By — p" with solution (z,y) (thatis p* = gr?+22t 42 5 4 & Z, (z,4) =
1), then:

(a) = is odd,
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(b) If y is even, then B,y — p" with solution {z:, ,E.:]
(¢) Tf y is odd, then AZ01 """ B,y1 — p" with solution (252, y) .
2. If B,.; — p" with solution (z,y), then B, — p" with solution (z, 2y).

510 A2 B, . — p" with sclution (z,y), then B, — p" with solution

{2z +y,p). O

The proof of Proposition 3 is an elementary exercise. Now, since for s 2 1, B,
and ..113'“ H, generate different subgroups of Hy([),), Proposition 1 implies that if p®
is represented by one of them, then it iz represented by exactly one. This result along
with Proposition 3 enables us to state the following Proposition:

Proposition 4

1. If B, — p" or A¥ ' B, —s p", for s = 1, then it also holds that By — p",
(That is there are =,y € &, (x,y) = 1, such that p" = gz* + 8%).

2. If there are 2,y € &, {z,y) = 1, with p* = gz? + 8y?, then I one sets y = 2%r,
with &, = 0 and r odd, then for s € &, = = 1 it holds:

e B, —p" ifandonlyif | s <s,+1 (withsolution: (=, %) );
o AT'B, — p" ifand only if s =8, 42 (with solution: (Z3=,r} ). O

3. The Embedding Problem and Study of the Subfields Involved
We ztart thiz section with & Definition and a Lemmua:

Definition 1 Let e E, n > 2. We shall say that a field M is a DF(n) field when
the following hold:

o EC M and M/k is unramified outside 2;

» The Galois group G(M/k) is eyclic of order »;

¢ The Galois group G(M/Q) is the dihedral group of order 2n. [

( ftemark ; Note that, by Proposition 2, for every & € &, all T F(2%) fields are contained
in ka{ Dy ).)

Lemma 1 Let € be the fundamental unit of Qf%g). The following hold:
1. k(%) and k{vZ¢) are DF(4) fields not equal.
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2, k(%) and k{¥B) are DF(8) fields not equal. O

Proof Using (1.1} of [6] we may easily see that ¢ has norm -1 over Q. Also, hy
Lemma 1 of [2], we have that k(Ze) is a DF(8) field and that G(k{¥2e) /) = {o, )

with:
o) = ~/Ta ol =i, (5= ]ﬁ
£
m(V2) = 3, (i) =—i, (VT =%
and ® =% =1, vo = ¢™r. This proves that E{2€) is a DF(R) field. Similarly, we
may prove that k(/8¢) is « DF(8) field with Q(k{ #8c}/Q) = {4, 1) such that:

AW =~V o) = (R = K
nivi)=v3, mli)=—i, =¥ =¥

and of = 7f = 1, meor=olr. Mareover, k(2e) #k( ¥Be) beeause V2 ¢ k(¥
(k(f) is the only intermediate extension of k(4/Z<)/k). The first part of the Lemma
concerning k{./e) and k{+/2¢) is an easy exercise using Satz 1 of [5). W

P i \t

Ly agy =kvZ,47) )

Ly gy =h(v2,0) Ly aginsy = Ry7) Ly =k{v/Ze)

E(v=T) (V) o = ki)

TP | e Figue 1

k = Q{v=Tg)

(¥8)
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We now proceed to the study of the class subfields {see Figure 1). By Proposi-
tion 2 and the group structure of Hy([),) we induce that amongst the DF(2) fields:
L':HL]-F L,:A‘ By and LE-“:}' ml:g' L'I:E::I is embedded in a P.:F{“.} field and morecver,
there are only two TF(4) extensions of Lyp y which are: Lyg,,, and L{Jgﬂn}- Sinee

k(i) is & DF(2) field and it is contained in both k{y/€) and k(v/2e) (which, by Lemma
1, ara DF(4) fields) we have that

'L':.BI.:' = k(i) and '[L'l:.ﬂg:h L{ﬂ;ﬂj.:l} = {k{-u'{ah klluﬁ_l:]'}

Going one step further, of the two L':EH}*LI:."LEE;ﬂ' only Lyp,y is embedded in a DF(E)

field and moreover there are exactly two DF(B) extensions of Lyp,) which are: Lyp,

and Ly p . Since, by Lemma 1, k{#Z€), k(45e) are DF(8) extensions containing
-1

k{+2¢), we conclude that:

Lipgy = k(V3e) and {Lnyy, Lpss,y )} = k(326 H(VBe)}

Golng one more step further, of the two Lyg,. L{A}E;}’ only Lip,y is embedded in a
TF(16) field and moreover there are exactly two DF{16) extensions of Lyg,y which
are: Lyp,y and L(ﬂgﬂ'-:*' This last result defines the embedding problem for the fields

E(42¢) and k($%) (see Figure 1). In the next section we shall see a numerical way
for the determination of L{E.'L:"

4. Main results

In the previous section we saw that Lig,y = k(i). S0, Propesition 1 implies that for
an odd prime number p with p # g it helds:

g = g2 + 80, (z,4)=1 issolvable in Z (%} =1 and p = 6{mod8). (2)

Moreover, assume that p is an odd prime number satislying the conditiona given
above. Sinee Ly, = k(+/2€), Propositions 1 and 4 imply that

9 is even in (2) & (%} = 1. {3)

&1
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Now, il y s even, we may write y = 22, z & £, and again since {Lfﬂa}’ﬂﬂﬂ-!ﬂa}} =
{k(¥2e), k(¥/Be} }, Propositions 1 and 4 imply the following Thearem:

Theorem 1 Let ¢ be an odd prime number with g = 5{mod8) and ¢ be the funda-

mental unit of Q/Zq). Let also k = Q(,/=Z3). For an odd prime p with p # g such
that p" = gz? + 322? for some =z, z € Z, (x, z) = 1, it holds that:

k(/Ze) is contained in & DF(16) field if an only if s, = (~1)°.

Where

o 1, if p splits completely in k{#2¢)
£ =1, octherwize. O

S0, a proper choice of p can determine the solution of the embedding problem. In
Table (I) there are numerical examples for various ¢. The primes p are chosen to be
the minimum primes satisfying:

s, (2) - (%) s

80 that there are x, z € E, (x,2) = 1, with p* = gz? 4 32:7,

From Table (I} and other numerical examples a conjecture may be stated. If we
write € = u + /% with w,v € E, then, since u? — 2gv* = —1, we have that u is odd
and so v is odd (take u* —2qv® = —1 modulo 8) which means that (u+v) = 0| mod 2).
Now, we may look at the examples in Table (I) to see the following conjecture being
accormplished:

Conjecture 1 Let g be an odd prime number with g = 5(mod8) and e = w4 » /T

be the fundamental unit of Q(/Zq), with u,v € Z. For k = =2, the following
aquivalence holds:

k{¥2¢) is contained in a DF(16) field « Y%

= 0{mod2). O
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